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Abstract
Mercury is expected to deviate from the classical Cassini state since this state is defined
for a uniformly precessing rigid planet. We develop an extended Cassini state model that
includes the variations (or nutations) in obliquity and deviation induced by the slow pre-
cession of the pericenter. The model also describes the constant shift over time in mean
obliquity and deviation associated with the short-periodic tidal deformations of Mercury,
characterized by the tidal love number k2 and by the ratio k2/Q of the tidal Love number
over the tidal quality factor, respectively. This model is then used to interpret Mercury’s
orientation, including the deviation from the classical Cassini state, in terms of parameters
of Mercury’s interior.
We determine and solve analytically the angular momentum equation, highlighting the
respective roles of the pericenter precession and tidal deformations on the spin precession
behavior. We also show explicitly that Peale’s equation is sometimes wrongly cited in the
literature, resulting in wrong estimates of the polar moment of inertia, and review the im-
portance of many effects that change the determination of the polar moment of inertia from
obliquity measurements.
From the observed orientation of Stark et al. (2015b), we estimate that C/MmR
2 =
0.3433±0.0134, which is ∼ 0.9% smaller than the estimate by Stark et al. (2015b) themselves.
That difference is due to our refinements of the Cassini state model (0.1%) and to their wrong
use of Peale’s equation (0.8%). The difference is smaller than the actual precision (3− 4%)
on the polar moment of inertia but may be of the order of precision that can be reached with
BepiColombo mission (≤ 0.3%).
The parameter k2 cannot be estimated from the spin axis orientation, because of its
correlation with the polar moment of inertia, which is much more important in determining
the obliquity in our improved model. However, it is necessary to include its effect in the
model to avoid a systematic error of 0.3% on the determination of the polar moment of
inertia. The parameter k2/Q can be estimated from the spin orientation, since its effect
can be easily separated from the effect of the polar moment of inertia on the deviation, as
this latter parameter is already well determined by its contribution to the obliquity. Given
the actual precision on the spin axis orientation, we place an upper limit of about 0.02 on
the ratio k2/Q and of about 350 on Q (assuming k2 = 0.5) at the 1σ level. In the future,
the relative precision on the determination of k2/Q from the spin axis orientation could be
as good as 30% with BepiColombo, so that the non-elastic parameter of Mercury could be
estimated for the first time.
3
1 Introduction
Following the radar determination of its unusual 3:2 spin-orbit resonance (Pettengill and Dyce,
1965, Colombo, 1965), it was assumed that Mercury is in an equilibrium state called a Cassini
state, in which the spin axis and the orbit normal precess together about the normal to the
Laplace plane at the same constant rate, corresponding to a period of about 300 kyr, so that the
three axes remain coplanar. In that state, the angular separation, called obliquity, from the orbit
normal to the spin axis is expected to remain constant over time (Colombo, 1966, Peale, 1969).
While the measured orientation and obliquity of Mercury, observed during the last decade, tend
to confirm those predictions within the limits of measurements precision (Earth-based radar
observations, see Margot et al. (2007, 2012); MESSENGER data, see Mazarico et al. (2014),
Stark et al. (2015b) and Verma and Margot (2016)), the detection of a possible small deviation
with respect to the coplanarity allows to question this usual view of the Cassini state. For
instance, Stark et al. (2015b) find a deviation of 1.7 arcsec, for an obliquity of about 2 arcmin.
The measurements of the spin axis orientation and obliquity can be used to define an orien-
tation model including a non-zero obliquity, as done in Margot (2009), using the determination
of the spin location by Margot et al. (2007). This new orientation model has been adopted by
the IAU Working Group on Cartographic Coordinates and Rotational Elements of the Planets
and Satellites (Archinal et al. 2011).
More importantly, together with the measured gravity field coefficients C20 and C22, the
measured obliquity determines the value of the polar moment of inertia C, which is an essential
constraint on Mercury’s interior structure (e.g. Dumberry and Rivoldini, 2015). To do so, an
accurate model of the Cassini state that connects the polar moment of inertia to the measured
orientation of the spin axis is needed. If Mercury’s rotation axis deviates from the coplanarity, as
may be indicated by the measurements, the classical model and the resulting relation between
the obliquity and the polar moment of inertia, best known as Peale’s equation (Peale et al.
1981), may not be accurate enough. A model able to account for the observed deviation needs
to be elaborated and consequences to be analyzed in terms of Mercury’s interior structure.
Peale (1974) mentioned (see second paragraph of page 727 of the cited paper) that a small
periodic deviation from the coplanarity should arise because of the precession of Mercury’s
pericenter, meaning that the instantaneous precession rate and obliquity should vary with time.
He considered the effect to be negligible and did not investigate it further at that time. Recently,
Peale et al. (2014, 2016) have numerically demonstrated the effect of pericenter precession. They
have concluded that the maximal deviation induced by the pericenter precession with respect to
the coplanarity is considerably smaller than the 1σ measurement uncertainty (0.87 arcsec versus
5 arcsec), and they have not investigated the impact on the determination of the polar moment
of inertia.
Here, we investigate the effects of the precession of the pericenter and of tides on the Cassini
state. In a first step to develop further such a detailed model of the obliquity of Mercury, we
assume that the rotational response to gravitational forcing from the Sun can be described as a
solid body rotation and do not consider differential rotational motion of the inner core and the
outer core with respect to the silicate part of Mercury. Such an approach allows to better clarify
the effects of tides and pericenter precession by isolating them from other effects like differential
rotation, which may even be more important.
Peale et al. (2014) have studied the evolution of the spin axis of Mercury’s mantle to its
current equilibrium state, taking into account a liquid core below the solid crust and mantle.
They find that the equilibrium orientation of the mantle spin axis is mainly controlled by the
external solar torque and by the internal pressure torque at the CMB (core-mantle boundary)
and is in agreement with the equilibrium orientation of the spin axis of a solid Mercury, whereas
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the orientation of the core spin axis is displaced from the mantle’s spin by a few arcmin. A
deviation of the mantle spin axis is also possible due to the viscous coupling between mantle
and core and ranges from 0.016 to 0.055 arcsec, depending on the core viscosity and on the
shape of the CMB. If an inner core is present, the gravitational torque between the inner core
and the silicate outer shell dominates the pressure torque (Peale et al. 2016), and increases
the equilibrium obliquity, depending on the solid inner core size, shape and density. In the
most realistic cases (small inner core, with a radius smaller than about one third of the total
radius, see e.g. Dumberry and Rivoldini 2015), the polar moment of inertia would currently
be overestimated by up to 4%, which is the current uncertainty of the polar moment of inertia
determined from the measured obliquity. However, given a sufficiently large viscous torque, all
the inner core, outer core and silicate mantle would precess together as a solid body because of
the friction at the boundaries between the core and the mantle and between the inner and outer
core, meaning that the polar moment of inertia could be less overestimated than stated in Peale
et al. (2016).
Noyelles and Lhotka (2013) have already studied the influence of a complex orbital dynamics
and of tides on the obliquity of a solid Mercury. They find that the tides and secular variations
of the orbital elements affect the modeled obliquity by 0.03 arcsec over a revolution period
and by ∼ 0.01 arcsec over an interval of 20 years, respectively. The resulting effects on the
determination of the polar moment of inertia, ∼ 0.03% and 0.01%, are smaller than the actual
uncertainty (∼ 4%).
Here, we revisit the influence of the precession of the argument of the pericenter (period of
about 130 kyr) on the spin orientation and obliquity. We demonstrate that not only this effect
is about half the observed nominal deviation in Margot et al. (2012) or in Stark et al. (2015b),
who provide the two most precise determinations of the spin axis orientation, it also induces
a deviation just in the observed direction of deviation, which strongly supports the relevance
of adding this effect to the Cassini state model. We also find that the effect of the pericenter
precession on the determination of the polar moment of inertia is ∼ 0.1%, one order of magnitude
larger than the effect found by Noyelles and Lhotka (2013).
Secondly, we reassess the effect of tidal periodic deformations. We show that the effect of
the tides on the obliquity is ∼ 0.3%, one order of magnitude larger than previously estimated
by Noyelles and Lhotka (2013), and has to be taken into account to interpret future precise
measurements with the BepiColombo mission. We also demonstrate that the spin is lagging
behind the expected coplanar orientation because of the non-elasticity, which might explain
part of the observed deviation. This lag is at least one order of magnitude larger than the
contribution of viscous coupling at the CMB to the deviation of the mantle spin axis found in
Peale et al. (2014)
Finally, we re-estimate Mercury’s polar moment of inertia by fitting recent data to the
improved model for the Cassini state that takes into account perihelion precession and tidal
deformations and assess the perspectives of spin orientation measurements regarding the deter-
mination of tidal parameters (Love number and quality factor). Strictly speaking, the results
are valid only if the rotational dynamics leading to Mercury’s equilibrium spin axis orientation is
similar to that of a solid body, but they will serve as a solid foundation for further examination
of the case with fluid outer and solid inner cores.
The plan of the paper is as follows. In Section 2, we develop a model for the Cassini state of
a solid and rigid Mercury undergoing a perihelion precession, based on the angular momentum
method. In addition to extend the Cassini state model in the form of a compact analytical solu-
tion, this independent derivation help sorting the different and mutually incompatible versions
of Peale’s equation (derived with the Hamiltonian approach) which coexist in the literature,
leading to incorrect estimates of the polar moment of inertia. We address the effect of tidal
5
deformations in Section 3. We refer to a model including a classically neglected effect as an
improved Cassini state, in opposition to the classical Cassini state. In Section 4, we describe
the existing observations of the spin orientation. In Section 5, we constrain the polar moment
of inertia C and the ratio k2/Q of the tidal Love number k2 over the tidal quality factor Q,
from recent data and using an improved Cassini state model. In Section 6, we compare our new
Cassini state model and our results with the literature. We present a discussion and concluding
remarks in Section 7.
2 The Cassini state of a rigid Mercury
2.1 From the Hamiltonian formalism towards the angular momentum for-
malism
The classical relation between the polar moment of inertia C and the equilibrium obliquity ε was
established from the study of the Hamiltonian of a solid Mercury rotating on itself and orbiting
around the Sun, while locked in the Cassini state. Following Eq. (12) of Yseboodt and Margot
(2006), this relation can be expressed as
ε =
−CΩ˙ sin i
CΩ˙ cos i+ 2nMmR2G201(e)C22 − nMmR2G210(e)C20
(1)
where
G210(e) =
(
1− e2)−3/2 (2)
G201(e) =
7
2
e− 123
16
e3 +
489
128
e5 +O(e7) (3)
are eccentricity functions defined by Kaula (1966). e is the orbital eccentricity and n the mean
motion. Ω and i are the longitude of the ascending node and orbital inclination with respect
to the Laplace plane. The Laplace plane is the plane that minimizes the variation in orbital
inclination. Mm and R are the mass and the mean radius of Mercury. The derivation of the
numerical values we use for the orbital parameters present in Eq. (1) and in the rest of this
paper is described in Appendix A. They are also listed in Tab. 1.
Because of the long period of the orbital node precession (∼ 326 kyr), the term CΩ˙ cos i
in the denominator is smaller than the terms proportional to the gravity field coefficients C20
and C22, so that C increases almost linearly with the obliquity ε (see Fig. 1). Since the largest
source of uncertainty in estimating C comes from the uncertainty on the obliquity measurements
(Milani et al. 2001, Pfyffer et al. 2011, Margot et al. 2012), and since the uncertainty on the
obliquity reported by Mazarico et al. (2014), 0.16 arcmin, is about twice those reported by
Margot et al. (2012) and Stark et al. (2015b), the uncertainty on the polar moment of inertia
reported by Mazarico (0.014), very similar to those reported by Margot and Stark, might be
underestimated by about a factor 2.
Equation (12) of Yseboodt and Margot (2006) is presented as the solution of Eq. (4) of
Peale (1981), expanded to the first order in obliquity. Note that in Yseboodt and Margot
(2006), G201(e) is truncated at third order in e. This truncation introduces a systematic error
of −0.035% on the determination of C/MmR2 from a measured obliquity of about 2 arcmin,
two orders of magnitude below the current precision (∼ 4%). The first order approximation
in the development of ε leads to an insignificant systematic error of +4 × 10−6% on C. The
sources of systematic errors on the determination of C/MmR
2 identified throughout this study
are summarized in Table 4.
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Figure 1: Normalized polar moment of inertia as a function of the equilibrium obliquity. The
solid line illustrates the quasi linear relation between C/MmR
2 and ε, resulting from Eq. (1) for
the classical Cassini state model. The colored filled markers and associated errors bars represent
the estimates of C/MmR
2 reported by Margot et al. (2012), Mazarico et al. (2014) and Stark
et al. (2015b), using the classical Cassini state model and their respective estimates of the
obliquity ε. Stark’s value for the polar moment of inertia must be corrected for their improper
use of Peale’s equation (see details in Section 6), so that it becomes consistent with the solid
line (see empty circle marker).
In the remainder of this section, we derive an expression for the obliquity of a rigid Mer-
cury, subject to the gravitational torque exerted by the Sun, by using the angular momentum
approach. We assess the effect of the pericenter precession on the analytical solution for the
orientation of the spin and assume that Mercury behaves rotationally as one block.
Classically, the plane containing the Laplace and orbit normals (the Cassini plane) contains
all possible solutions for the orientation of the spin axis in the Cassini state, each solution
corresponding to a possible couple of values for C and ε. Therefore, the concepts of coplanarity
and of Cassini state are usually assimilated to each other, which is not the case anymore with the
improved Cassini state model. We show that the nutations triggered by the pericenter precession
can explain in large part the deviation observed e.g. by Stark et al. (2015b).
2.2 Angular momentum equation
The following demonstration consists in an adaptation of the demonstration given in Appendix A
of Baland et al. (2012) for a rigid solid synchronous satellite. The angular momentum equation
is written in an inertial reference frame as
d~L
dt
= ~Γ (4)
with ~L the angular momentum of Mercury and ~Γ the torque exerted on Mercury by the Sun.
We will show that the torque can be defined as the sum of a main term driving the main spin
precession, ~Γprec, and a secondary part driving a small nutation about the main precession,
~Γnut. Neglecting the secondary torque would amount to retrieve the classical Cassini state, its
coplanarity, and its constant obliquity.
The inertial reference frame is here taken to be a frame attached to the Laplace plane and
centered at the center of mass of Mercury (see Fig. 2). Note that we set the x-axis of the Laplace
plane as the ascending node of the Laplace plane on the equator of the ICRF (International
Celestial Reference Frame). This is a natural choice since the orientation of the Laplace plane,
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as well as spin orientation, are usually given as right ascension and declination with respect to
the ICRF (see Section 4.2 and Appendix A.)
The expression of the torque in the frame attached to the principal axes of inertia of Mercury
(Body Frame) is (Murray and Dermott 1999, Eqs. 5.43-5.45):
~ΓBF =
 3n2a3(C −B)Y Z/d53n2a3(A− C)ZX/d5
3n2a3(B −A)XY/d5
 (5)
with A < B < C the principal moments of inertia of Mercury, n its mean motion, a its semi-
major axis, d the distance between Mercury and the Sun, and (X,Y, Z) the position of the Sun
in the Body Frame of Mercury in Cartesian coordinates.
Figure 2: Orientation of the Body Frame of Mercury with respect to its orbital plane and to its
Laplace plane. The x-axis of the Laplace plane is set here as the ascending node of the Laplace
plane on the equator of the ICRF. Ω, i, and f are the longitude of the orbital ascending node,
inclination, and true anomaly with respect to the Laplace plane. ψ, θ, and φ are the longitude
of the ascending node of the equatorial plane, inertial obliquity, and rotation angle. ε is the
obliquity. d is the distance to the Sun. The unit vectors along the spin, orbit, and Laplace poles
are denoted sˆ, nˆ, and lˆ, respectively. ξ is the node of the equatorial plane with respect to the
precessing orbital plane.
If we note (ψ, θ, φ) the Euler angles orienting the Body Frame with respect to the inertial
frame (see Fig. 2), the position of the Sun in the Body Frame is XY
Z
 = Rz(φ).Rx(θ).Rz(ψ − Ω).Rx(−i).Rz(−(ω − pi)− f)
 d0
0
 (6)
with the rotation matrices defined as
Rx(θ) =
 1 0 00 cos θ sin θ
0 − sin θ cos θ
 , Rz(θ) =
 cos θ sin θ 0− sin θ cos θ 0
0 0 1
 . (7)
Ω, i, and f are the longitude of the ascending node, inclination, and true anomaly of Mercury
with respect to the Laplace plane. As explained in Appendix A, we use Ω(t) = 23.73◦−0.1106◦ T ,
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with T the time interval in Julian centuries from J2000, and i = 8.53◦. The period of the
ascending node precession, |2pi/Ω˙|, is about 326 kyr. The angle θ can be seen as an inertial
obliquity, while the angle ε is the orbital obliquity. Unless specified otherwise, obliquity in this
paper refers to the orbital obliquity ε. The angle ψ is the ascending node longitude of the
equatorial plane over the Laplace plane, and φ is the rotation angle of the planet.
The angle ω, the argument of the pericenter of Mercury around the Sun measured from the
intersection of the orbital plane and the Laplace plane (the pericenter of the Sun seen as in orbit
around the planet is then ω − pi), can be expressed as (see Appendix A)
ω(t) = 50.38◦ + 0.2689◦ T. (8)
The trend of ω is about 134 kyr. Note that the sign of the perihelion precession rate ω˙ is positive,
while the sign of the node precession rate Ω˙ is negative.
On the long timescales considered here, we neglect the wobble (the motion of the polar axis
with respect to the spin axis), so that the unit vectors along the spin axis (sˆ) and the orbit
normal (nˆ) can be expressed in the Laplace reference frame as
sˆ =
 sin θ cos (ψ − pi/2)sin θ sin (ψ − pi/2)
cos θ
 (9)
and
nˆ =
 sin i cos (Ω− pi/2)sin i sin (Ω− pi/2)
cos i
 . (10)
Since the eccentricity of Mercury is large (e = 0.2056), we expand f and d correct up to (at
least) the third order in orbital eccentricity e. We have (Murray and Dermott 1999, Eq. 2.88
and Eq. 2.104)
f = M − 1
4
e
(
e2 − 8) sinM + 5
4
e2 sin 2M +
13
12
e3 sin 3M +O(e4) (11)
d =
1
8
a
(
8 + 4e2 + e
(
3e2 − 8) cosM − 4e2 cos 2M − 3e3 cos 3M)+O(e4) (12)
with M the mean anomaly.
The next step in deriving an explicit expression for the torque ~ΓBF is the use the spin-orbit
resonance to express the rotation angle φ as a function of the other angles. In order to keep
the analytical treatment efficient, we consider approximations that are different for computation
of the main torque ~Γprec than for the secondary torque ~Γnut. Coplanarity is assumed for the
computation of ~Γprec, but not for ~Γnut. Conversely, the small angles approximation is considered
to compute ~Γnut, but not for ~Γprec.
2.2.1 Main precessional torque
Contrary to the Galilean satellites, the inclination of Mercury is not very small (i = 8.53◦), so
that the small angle approximation in i and θ made in Baland et al. (2012) to simplify the
torque expression is not appropriate here. We consider ψ = Ω = Ω0 + Ω˙t in Eq. (6), with Ω˙
the orbital node longitude variation rate and Ω0 the orbital node longitude at J2000, to get a
compact expression for the main torque in the Body Frame, ~ΓprecBF , computed with Eq. (5). This
assumption, which has not been made in Baland et al. (2012), expresses here that the main
torque leads to the classical Cassini state where the spin axis and orbit normal are coplanar
with the normal to the Laplace plane, while the equatorial and orbital ascending nodes on the
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Laplace plane are aligned. As a result, the angle φ is measured in the equatorial plane from the
same point (the aligned orbital and equatorial nodes) as the angle (ω − pi + f) is measured in
the orbital plane (see Fig. 2). Since the equilibrium obliquity ε is expected to be very small, we
can write (e.g. Peale 1969)
φ ' ω − pi + 3
2
M, (13)
correct up to the first order in ε, and neglecting the small longitudinal librations (the variations
of the rotation rate). The factor 32 in front of the mean anomaly M arises because of the 3:2
resonance.
The expression of the torque ~ΓprecBF is straightforward to compute, but too long to be re-
produced here. The torque can further be expressed in the inertial frame with the appropriate
rotations:
~Γprec = Rz(−ψ).Rx(−θ).Rz(−φ).~ΓprecBF . (14)
Finally, the torque is averaged over an orbit period with the slowly varying Ω held constant. It
is also necessary to average over the precessing angle ω, to get rid of any small nutation induced
by the pericenter precession that would not be consistent with the aligned nodes assumption.
Thanks to the averaging, the torque can now be written in the following compact form:
~Γprec =
3
2
MmR
2n2 {−C20G210(e)(sˆ.nˆ)+
2C22G201(e)
(
1 + sˆ.nˆ
2
)}
(sˆ ∧ nˆ) (15)
with
C20 = −
C − A+B2
MmR2
and C22 =
B −A
4MmR2
. (16)
The torque ~Γprec leads to the expression for a constant equilibrium obliquity over time, as we
will see later.
2.2.2 Secondary nutational torque
Because of the small nutations induced by the pericenter precession, ψ is different from Ω, and
the rotation angle is expressed as
φ ' −ψ + Ω + ω − pi + 3
2
M, (17)
instead of expression (13) used for the precessional torque.
In contrast to what we have done for the precessional torque, and to be able to find a
compact form for the secondary nutational torque, we now consider in Eq. (6) the small angle
approximation on i and θ. We also truncate the true anomaly f and the distance d to the
third order in e. Since the secondary torque is small compared to the main torque, these
approximations do not significantly affect the accuracy of the final solution but significantly
simplify the torque’s expression. As previously, the torque is transformed to the inertial reference
frame, before being averaged over an orbital period with the slow angles Ω and ω held constant.
Note that according to this procedure, we find a torque which is the sum of the main torque
(correct only up to the first order in i and θ, though) and of the secondary torque we are looking
for.
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By introducing the unit vector along the direction of the pericenter:
pˆ =
 pxpy
pz
 = Rz(−Ω).Rx(−i).Rz(−(ω − pi))
 10
0

'
 − cos(Ω + ω)− sin(Ω + ω)
−i sinω
 (18)
the secondary torque ~Γnut is expressed in the inertial reference frame as
~Γnut =
3
16
n2MmR
2 53C22e
3 (p2x − p2y) (ny − sy) + 2pxpy(sx − nx)(p2x − p2y) (nx − sx) + 2pxpy(ny − sy)
0
 (19)
It depends on C22 and on the eccentricity e, but only at third order. We will see later that it
is responsible for time-variable slight modifications of the equilibrium obliquity (which may be
called latitudinal librations or nutations in obliquity).
2.3 Solving the angular momentum equation
Neglecting the small wobble and longitudinal librations, the spin angular momentum in the
Body Frame is given by
~LBF =
 00
C(φ˙+ ψ˙ cos θ)
 (20)
where φ˙+ ψ˙ cos θ = 32n− ψ˙+ Ω˙ + ω˙+ ψ˙ cos θ. In the inertial frame, the spin angular momentum
can be written as
~L =
(
3
2
n− ψ˙ + Ω˙ + ω˙ + ψ˙ cos θ
)
C sˆ. (21)
with sˆ given by Eq. (9).
Including Eqs. (15), (19) and (21), the angular momentum equation becomes
n˜C
dsˆ
dt
= n
{
κ20(sˆ.nˆ) + κ22
(
1 + sˆ.nˆ
2
)}
(sˆ ∧ nˆ)
+nκω
 (p2x − p2y) (ny − sy) + 2pxpy(sx − nx)(p2x − p2y) (nx − sx) + 2pxpy(ny − sy)
0
 (22)
with
n˜ = n− 2
3
ψ˙ +
2
3
Ω˙ +
2
3
ω˙ +
2
3
ψ˙ cos θ (23)
κ20 = −MmR2nC20G210(e) (24)
κ22 = 2MmR
2nC22G201(e) (25)
κω =
53
8
MmR
2 nC22e
3. (26)
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We have compare a numerical integration of our angular momentum equation (22) with a
numerical integration of the angular momentum equation of Peale et al. (2014), to assess the
possible loss of accuracy resulting from the two-step process used to derive our equation (see
Appendix C). We find a difference of maximum 0.01 arcsec in sx and sy, and of 0.0018 arcsec
(0.0015%) and of 0.00027 (0.03%) arcsec in obliquity and deviation, respectively, around J2000.
This confirms that the successive assumptions made to obtain our angular momentum equation
are adequate.
We now aim to derive an analytical solution, which can be used instead of Peale’s equation
to interpret rotation measurements with a least squares inversion. An analytical solution also
helps to understand how the precession of the pericenter affects the precession of the spin. We
use a perturbative approach, with κω, the strength of the secondary torque, as the perturbative
parameter. This approach is valid because κω is more than two orders of magnitude smaller
than κ20 and κ22. We determine the precession amplitude with the order zero approximation
and the nutation amplitude with the first order approximation.
2.3.1 Main precession amplitude (order zero in κω)
For the first step of the resolution of Eq. (22), we set κω = 0. Since we are just left with
the main precession torque, we also set that ψ = Ω, θ = i + εΩ, and
dθ
dt =
di
dt = 0, so that
n˜ = n+ 23 ω˙ +
2
3 Ω˙ cos(i+ εΩ). Here, εΩ is the constant amplitude over time associated with the
orbital node precession angle Ω. The angular momentum equation reduces to
n˜C
dsˆΩ
dt
= n
(
κ20(sˆΩ.nˆ) + κ22
(
1 + sˆΩ.nˆ
2
))
(sˆΩ ∧ nˆ) (27)
for the spin vector sˆΩ in the case of precession only.
By substituting Eq. (9) in the explicit form of
sˆΩ =
 sin(i+ εΩ) cos (Ω− pi/2)sin(i+ εΩ) sin (Ω− pi/2)
cos(i+ εΩ)
 (28)
into Eq. (27), we have that
−n˜CΩ˙ sin(i+ εΩ) =
n
{
κ20 cos εΩ + κ22
(
1 + cos εΩ
2
)}
sin εΩ. (29)
Both sides of Eq (29) can be further expanded at first order in εΩ (as we have seen in Section 2.1,
this development leads to an insignificant systematic error on the determination of C/MmR
2),
and we find that
εΩ = −
(
n+ 23 ω˙ +
2
3 Ω˙ cos i
)
C Ω˙ sin i
nκ+ C Ω˙
[(
n+ 23 ω˙
)
cos i+ 23 Ω˙ cos 2i
] (30)
with
κ = κ20 + κ22. (31)
Because the precession period of the node and of the pericenter are about six orders of
magnitude larger than the orbital period, we neglect Ω˙ and ω˙ in front of n (and so n˜ = n), so
that
εΩ ' − C Ω˙ sin i
κ+ C Ω˙ cos i
(32)
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The consequence of this approximation on the determination of C/MmR
2 from a measured
obliquity of about 2 arcmin is a systematic error of +0.00007%.
Equation (32) is the same as Eq. (1) obtained in a Hamiltonian approach, where we have just
changed the notation for the obliquity (now εΩ) to emphasize the fact that, once the nutations
is included, this angle is no longer the separation between the orbit normal and the spin axis,
but the amplitude of the main precession. This equality confirms the correctness of Eq. (1) and
shows that several conflicting versions in the literature are wrong. For instance, the estimate
of C/MmR
2 by Stark et al. (2015b) must be revised from 0.346 to 0.344 (see Section 6.1.1 for
more details).
In the limit of small inclination (which, remember, is not a satisfactory approximation for
Mercury), Eq. (32) becomes
εΩ ' − i Ω˙
ωf + Ω˙
(33)
which is the classical form of a response to a forcing, where the denominator can become very
small, and the response very large, if the forcing period is close to the free period. Here, the
denominator is the sum of the positive free precession frequency ωf = κ/C and of the negative
forcing precession frequency Ω˙. The free precession period, Tf = 2pi/ωf , is between 1200 and
1350 years for C/MmR
2 ranging between 0.32 and 0.36, too far from the forcing period (326
kyr) to trigger a resonant excitation of the forced precession.
2.3.2 Nutation amplitude (first order in κω)
For the second step of the resolution, we replace sˆ by sˆ = sˆΩ + sˆω in Eq. (22), develop at first
order in both small quantities sˆω and κω, subtract Eq. (27), and set n˜ = n to find the remaining
equation
C
dsˆω
dt
= κ(sˆω ∧ nˆ) (34)
+κω
 (p2x − p2y) (ny − sΩ,y) + 2pxpy(sΩ,x − nx)(p2x − p2y) (nx − sΩ,x) + 2pxpy(ny − sΩ,y)
0
 (35)
which, neglecting the small variations (∝ i εω) in the third component, has for solution
sˆω =
 εω cos (2ω + Ω− pi/2)εω sin (2ω + Ω− pi/2)
0
 (36)
with
εω =
εΩκω
κ+ C(2ω˙ + Ω˙)
. (37)
The amplitude εω of the spin nutation is proportional to the amplitude εΩ of the main
precession and to the torque strength κω. For εΩ ' 2 arcmin, εω ' 0.85 arcsec (see Fig. 3).
2.3.3 Full solution, obliquity and deviation
For each value of C, there exists only one possible value for each amplitude εΩ and εω, and so
only one solution
sˆ = (sx, sy, sz) = sˆΩ + sˆω (38)
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Figure 3: Nutation amplitude εω as a function of the precession amplitude εΩ, for C/MmR
2
ranging from 0.32 on the left, to 0.36 on the right.
for the spin axis orientation at a given time. As a result of the perturbative approach, sˆ is not
exactly a unit vector (|sˆΩ| = 1 and |sˆω| << 1). We replace sz by
√
1− s2x − s2y, to restore the
unit norm of the spin vector, adding small time variations to the third component of the spin
vector. We have compared our analytical solution with a numerical integration of the angular
momentum Eq. (22) to assess the accuracy of the perturbative approach to derive the analytical
solution. We find that the analytical solution is 0.008% and 0.03% accurate in obliquity and
deviation, respectively, about J2000 (see Appendix C).
The period of the spin nutation sˆω of Eq. (36), 2pi/(2ω˙ + Ω˙), is of the order of 84 kyr
(remember that the sign of Ω˙ is negative, whereas the sign of ω˙ is positive), while the period of
the spin precession sˆΩ of Eq. (28) is 326 kyr. We can isolate the nutation signal associated with
ω˙ by transforming the full solution sˆ of Eq. (38) to a precessing orbital reference frame with the
successive rotations Rz(Ω) and Rx(i) (see Eq. 7). In that reference frame, the spin axis nutates
about a fixed orientation with the amplitude εω, but with a frequency of 2ω˙ corresponding to a
period of about 67 kyr (see Fig. 4).
Since the time-variable obliquity ε
cos ε = nˆ.sˆ (39)
is measured from the orbit, its variation rate is 2ω˙ too. This can be understood by approximating
the obliquity as the norm of the difference between the spin and orbit unit vectors projected
onto the Laplace plane (see Baland et al. 2011):
ε(t) '
√
(sx − nx)2 + (sy − ny)2 ' εΩ + εω cos 2ω(t). (40)
The mean solution sˆΩ lies in the Cassini plane. Because of the nutation sˆω, the spin axis
orientation sˆ deviates by an angle δ˜ from that plane. The exact definition for δ˜ is (see Yseboodt
and Margot 2006, Eq. 19. Note that the deviation is defined here with the opposite sign)
sin δ˜ = − (nˆ ∧ lˆ) . sˆ√
1− (nˆ.lˆ)2
, (41)
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Figure 4: Motion of the spin axis of a solid and rigid Mercury, projected onto the precessing
orbital plane. The xorb-axis points to the node of the orbit on the Laplace plane (see Fig. 2),
while the yorb-axis (black vertical line) corresponds to the projection of the classical Cassini
state. The black dot is the constant position of the classical Cassini state for the obliquity
amplitude εΩ given in Table 3. The blue curve is the nutation about this mean position, driven
by the perihelion precession, with the amplitude εω also given in Table 3. The arrow indicates
the direction of the nutational motion. When ω = 0 or pi/2, the projected spin axis lies on
the y-axis, below or above the mean position. The red star represents the spin orientation of
Stark et al. (2015b) at the measurement epoch (about 13 years after J2000). The deviation δ˜
and the variation in obliquity ∆ε with respect to the mean obliquity, at that epoch, are well
approximated by the sine and cosine of the projected motion (red circle), with respect to the
y-axis. At that epoch, the deviation is almost maximal, while the variation in obliquity is almost
minimal. The deviation due to the nutation explains about half the observed deviation.
with lˆ is the unit vector along the Laplace plane normal defined as
lˆ =
 cos δLP cosαLPcos δLP sinαLP
sin δLP
 . (42)
αLP and δLP are the equatorial coordinates (right ascension and declination) of the Laplace
plane pole with respect to the ICRF at J2000. From the analysis of the DE431 ephemeris (see
Appendix A), we infer that αLP = 273.81
◦ and δLP = 69.46◦.
The deviation can be approximated by the distance from the Cassini plane to the spin unit
vector, projected onto the Laplace plane (see Baland et al. 2011):
δ˜(t) ' (nxsy − nysx)/
√
n2x + n
2
y = εω sin 2ω(t) (43)
The obliquity variations, ∆ε = εω cos 2ω, and the time varying deviation δ˜ have the same
amplitude εω, but are out of phase by pi/2, since they are measured along two directions or-
thogonal to each other, in the precessing orbital reference frame (see Fig. 4 and 5). Over short
timescales, as spatial mission durations, the obliquity and deviation can be seen as constant.
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Figure 5: Time-variable obliquity ε(t) and deviation δ˜(t) as a function of the time, centered
about J2000, for the amplitudes given in Table 3, which correspond to our best fit parameters
to the measurements of Stark et al. (2015b). The blue and red curves are for the rigid and
the non-rigid cases, respectively. The dashed lines represent the mean values. The black stars
represent our estimates of εJ2000 and δ˜2000, also given in Table 3.
3 Spin axis orientation of a non-rigid Mercury
Since Mercury is not a rigid planet, it deforms as a result of the tidal potential, with a tidal
period equal to the orbital period. The tidal love number k2, describing the changes in the
external gravitational potential resulting from the tidal deformations, is in the range [0.4, 0.52]
(see Fig. 6, and Padovan et al. 2014). These theoretical predictions are confirmed by results
based on analysis of MESSENGER data such as the determinations of Mazarico et al. (2014),
k2 = 0.451 ± 0.014, and of Verma and Margot (2016), k2 = 0.464 ± 0.023. The fact that the
liquid outer core is explicitly accounted for in the tides with period equal to the orbital period
does not preclude the fact that we can and do consider that its spin axis precesses as the one of
a solid body on very long timescales.
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Figure 6: Love number k2 as a function of the core radius for two mantle temperatures. The
mantle rheology is based on Jackson et al. (2010). We assume a grain size of 10 mm for the
cold model and of 1 mm for the hot model.
16
We will show that the short timescale tidal deformations have an influence on the average
gravitational torque driving the spin precession and on the angular momentum, and therefore,
on the equilibrium orientation (obliquity and deviation) of the spin axis. Therefore, we adapt
the demonstration given in appendix A of Baland et al. (2016) for an elastic solid synchronous
satellite to the 3:2 spin-orbit resonance of Mercury. We derive the contribution of the periodic
bulge to the solar torque and determine the correction to be made to take into account the
effect of the delay in the response of Mercury to the tidal potential of the Sun. To be able
to derive a compact expression of the torque for the 3:2 resonance, the large inclination, and
the large eccentricity, several approximations will be introduced. We only consider the main
precessional torque (so that ψ = Ω), and assume that θ and i are small enough for a first order
approximation, contrary to what we have done in Section 2.2.1. That latter approximation is
not entirely justified, but we correct for its effect in a second step.
As in Section 2.2, we first express the torque in the Body Frame of Mercury in order to
include both the effects of the static and of the time varying parts of the components of the
inertia tensor. Eq. (5) is replaced by Eq. (A.13) of Baland et al. (2016), which is adapted from
Murray and Dermott, 1999, Eqs. (5.43-5.45):
~ΓBF =
3n2a3
d5
 (C −B)Y Z −D(Y 2 − Z2)− EXY + F XZ(A− C)ZX +DXY + E(X2 − Z2)− F Y Z
(B −A)XY −DXZ + E Y Z − F (X2 − Y 2)
 . (44)
The components of the inertia tensor
I¯ =
 A −F −E−F B −D
−E −D C
 , (45)
can be expressed as functions of the coefficients of the time-variable gravity field of Mercury
(see Eqs. 123-132 for a demonstration). They are time-delayed because of the non elasticity of
the tidal response of Mercury to the attraction of the Sun. This delay is modeled as a phase
shift ζ of the mean anomaly M , which can be expressed as 1/Q, with Q the tidal quality factor.
ζ is the range [0.16◦, 1.91◦] for Q in [30, 360], a range that covers the current estimates for the
Earth, the Moon and Mars (see Lainey 2016 and references therein).
We substitute Eqs. (6,11,12,13) in the torque Eq. (44), before transforming it to the inertial
reference frame and averaging over the mean motion M and the pericenter argument ω. We
find that ~Γprec can be divided into two parts:
~Γprec = ~Γprec,k2 + ~Γprec,ζ (46)
~Γprec,k2 =
1
2
kfMmR
2n2qr
(
1 +
3
2
e2
)
(sˆ ∧ nˆ)
− 1
16
kf
(
kf − k2
kf
)
MmR
2n2qt
(
4 + 61e2
)
(sˆ ∧ nˆ) (47)
~Γprec,ζ =
3
2
nκζ,nˆnˆ+
3
2
nκζ,sˆsˆ (48)
κζ,nˆ = − 1
12
k2ζMmR
2qtn(2 + 63e
2) (49)
κζ,sˆ =
1
4
k2ζMmR
2qtn(2 + 15e
2), (50)
with qr the ratio of the centrifugal acceleration to the gravitational acceleration (Eq. 113) and
qt the tidal parameter (Eq. 122). kf is the fluid Love number.
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The main part, ~Γprec,k2 , is related to the magnitude of the static and periodic tidal bulges
and its terms are proportional to kf or k2. The second part, ~Γ
prec,ζ , is a correction related to
the out of phase response of the periodic tidal bulge, and is proportional to k2ζ = k2/Q. ~Γ
prec,ζ
is a very small torque compared to ~Γprec,k2 (four orders of magnitude smaller).
When we set k2 = 0 in ~Γ
prec,k2 , we retrieve the torque on a rigid Mercury (Eq. 15), expressed
at first order in θ and i and third order in e, and where C20 and C22 are reduced to their static
hydrostatic counterparts (123-124). We have
~Γprec ' 1
2
kfMmR
2n2qr
(
1 +
3
2
e2
)
(sˆ ∧ nˆ)
− 1
16
kfMmR
2n2qt
(
4 + 61e2
)
(sˆ ∧ nˆ) (51)
Comparing Eq. (47) and Eq. (51), we see that the effect of the periodic tidal deformations
is to multiply the part of the torque due to the tidal static bulge (proportional to qt) by a factor
kf−k2
kf
, leading to a decrease of the total torque. This follows from the general form of the tidal
potential, as demonstrated for the librations (Van Hoolst et al., 2013). Indeed, if we neglect the
delay in the response of Mercury, the external gravity field of Eq. (111) can be expressed as
V l=2(r, ϕ, λ, t) = k2
(
R
r
)3
Vt(R,ϕ, λ, t)
+kf
(
kf − k2
kf
)(
R
r
)3
V statt (R,ϕ, λ)
+kf
(
R
r
)3
V statc (R,ϕ, λ). (52)
where Vt is the tidal potential (V
stat
t is its static part) and V
stat
c is the (static) centrifugal
potential. The first term in Eq. (52) does not contribute to the torque since it is symmetric
with respect to the planet-Sun line at each instant, while the second term is multiplied by the
factor
kf−k2
kf
, compared to the rigid case (with k2 = 0). In the limit case where Mercury would
deform on the short timescales as on the long timescales (k2 = kf ), the gravitational torque
would vanish.
From this, it follows that the extension of the torque (Eq. 47) for the rigid case to the
non-rigid case is obtained by replacing κ20 and κ22 by
κk220 = κ20 +
1
6
k2MmR
2qtn(1 + 3e
2) (53)
κk222 = κ22 +
49
24
k2MmR
2qtne
2 (54)
in the unapproximated precession torque ~Γprec of Eq. (15), instead of using the approximated
torque of Eq. (47). The resulting equation also extends Eq. (46) derived assuming the small
angle (unjustified) approximation. Nevertheless, that approximation has allowed us to find the
correction to the torque due to the delayed response (the correction is small, so the small angle
approximation is valid for this part). κω, and so the additional nutational torque ~Γ
nut of Eq.
(19), is negligibly affected by the tidal deformations (effect of the fourth order in eccentricity
only, which can be safely neglected as the amplitude of the nutation is already very small).
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3.1 Angular momentum equation
The periodic tidal bulge also has an effect on the angular momentum. Here, Eq. (20) for the
rigid case must be replaced by
~LBF =
3
2
n˜
 −E−D
C
 . (55)
Expressed in the inertial reference frame, and averaged over M , it reads as
~L =
3
2
n˜ C˜ sˆ− 3
2
n˜(C˜ − C)nˆ− 3
2
n˜Cζ(sˆ ∧ nˆ) (56)
C˜ = C +
1
6
k2MmR
2qt
(
1 +
3
2
e2
)
(57)
Cζ =
3
2
(C˜ − C)ζ (58)
The notation C˜ is introduced for the sake of shortening the equations in the following. The
difference C˜ − C is not the periodic part of C due to periodic tides.
The angular momentum equation becomes
n˜C˜
dsˆ
dt
= n˜(C˜ − C)dnˆ
dt
+ n
{
κk220(sˆ.nˆ) + κ
k2
22
(
1 + sˆ.nˆ
2
)}
(sˆ ∧ nˆ)
+nκω
 (p2x − p2y) (ny − sy) + 2pxpy(sx − nx)(p2x − p2y) (nx − sx) + 2pxpy(ny − sy)
0

+nκζ,nˆnˆ+ nκζ,sˆsˆ+ n˜Cζ
d(sˆ ∧ nˆ)
dt
(59)
3.2 Solution
We solve the angular momentum equation by a perturbative approach, neglecting the small
variations in the third component. By also using the excellent approximation n˜ = n, as in
Section 2, the solution for the spin in the non-rigid case can be expressed as
sˆ = sˆk2Ω + sˆ
k2
ω + sˆζ (60)
sˆk2Ω =
 sin(i+ εk2Ω ) cos (Ω− pi/2)sin(i+ εk2Ω ) sin (Ω− pi/2)
cos(i+ εk2Ω )
 (61)
sˆk2ω =
 εk2ω cos (2ω + Ω− pi/2)εk2ω sin (2ω + Ω− pi/2)
0
 (62)
sˆζ =
 εζ cos Ωεζ sin Ω
0
 (63)
19
with
εk2Ω = −
C Ω˙ sin i
κk2 + C˜ Ω˙ cos i
= εΩ + ∆εΩ (64)
εk2ω =
εk2Ω κω
κk2 + C˜(2ω˙ + Ω˙)
(65)
εζ = −
εk2Ω (κζ,sˆ + CζΩ˙) cos i+ (κζ,nˆ + κζ,sˆ) sin i
κk2 + C˜Ω˙
(66)
and
κk2 = κk220 + κ
k2
22. (67)
Eqs. (64) and (65) are formally identical to Eqs. (32) and (37) for the rigid case, and only
differ in the use of quantities κk2 and C˜ in the denominators.
Compared to a numerical integration of Eq. (59), the solution Eq. (60) is 0.014% and 1.5%
accurate in obliquity and deviation, respectively, about J2000 (see Appendix C).
By using similar approximations as in Section 2.3.3, the obliquity and deviation can be
expressed as
εk2(t) ' εk2Ω + εk2ω cos 2ω(t) (68)
δ˜k2(t) ' εk2ω sin 2ω(t) + εζ . (69)
The difference ∆εΩ = ε
k2
Ω − εΩ in the main precession amplitude between the non-rigid
and rigid cases is constant over time but depends on Mercury’s interior through k2. As the
term proportional to Ω˙ in the denominator of εk2Ω and εΩ is very small, ∆εΩ is approximately
proportional to the difference κ − κk2 (which is proportional to k2), and positive, since tidal
deformations decrease the torque. As can be seen in Fig. 7, ∆εΩ = 0.3 arcsec for realistic values
of C/MmR
2 (' 0.346, see Table 2) and of k2 (' 0.45, see Mazarico et al., 2014 and Verma and
Margot, 2016). The nutation amplitude is not significantly affected (effect smaller than 0.01
arcsec).
The spin vectors sˆk2Ω and sˆζ precess with the same period, but they are out of phase by
pi/2 (see Eqs. 61 and 63). Seen from the precessing orbital reference frame, the effect of sˆζ is
then constant. As shown in Fig. 8, the non-elasticity introduces a constant deviation over time
(let us call it tidal deviation), given by the amplitude εζ of sˆζ , with respect to the coplanarity,
that adds to the time-varying deviation introduced by the nutation. As the spin lags behind
as a result of the delay in response introduced by the non-elasticity, the deviation is positive.
The tidal deviation εζ is approximately proportional to k2ζ = k2/Q, as can be seen from the
following approximation resulting from an order of magnitude analysis:
εζ ' −(κζ,nˆ + κζ,sˆ) sin i
κ
=
(
−1
3
+
3
2
e2
)
k2
Q
MmR
2nqt sin i
κ
. (70)
εζ is of the order of the arcsec for Q ' 100 (a reasonable value for a terrestrial body) and
k2 ' 0.45.
In the limit of small inclination, Eq. (64) can be written as
εk2Ω ' −
C
C˜
i Ω˙
ωk2f + Ω˙
(71)
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Figure 7: Effect of tidal deformations on the precession amplitude εk2Ω (top), on the nutation
amplitude εk2ω (middle), and on εζ , the amplitude of the part of the solution related to delay in
the response of Mercury to the tidal potential (bottom panel); as a function of the real part k2
of the tidal Love number or as a function of the tidal quality factor Q. In the top and middle
panels, the ratio C/MmR
2 varies from 0.32 (bottom curve) to 0.36 (top curve). The effect of tidal
deformations on εk2ω is very small, while the difference between ε
k2
Ω and εΩ, though larger, is still
under the actual precision on the spin position measurement (5 arcsec), but may be relevant for
interpretation of future measurement. The deviation εζ is of the order of the arcsec for realistic
values of the tidal Love number (k2 ' 0.45, e.g.). εζ does not noticeably depend on C/MmR2,
but is larger for larger k2 (k2 = 0.3 and 0.6 for the bottom and top curves, respectively).
where the free precession frequency of a non-rigid solid Mercury is ωk2f = κ
k2/C˜. The difference
∆Tf = T
k2
f − Tf , is 5 years at most (see Fig. 9), so that the free period is of the order of
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Figure 8: Motion of the spin axis of a non-rigid Mercury, projected onto the precessing orbital
plane. The amplitudes of each component of the solution correspond to our best fit to the
observation of Stark et al. (2015b), as given in Table (3). Compared to Fig. 4, the effect of
the tidal deformations adds to the nutation, so that the center of motion is shifted from the
black dot to the green dot. Along the y- axis, one can see the constant addition ∆εΩ to the
mean obliquity, due to the effect of the tidal deformations. Along the x- axis, one can see the
constant additional deviation εζ due to the non-elasticity. Cumulated effect of the nutation and
non-elasticity allows to explain the observed deviation by Stark et al. (2015b). The red circle
and star have the same meaning as in Fig. 4.
1300 years, like the free period for the rigid Mercury and much shorter than period of the node
precession of 326 kyr. Therefore, tidal deformations cannot help to trigger a resonant excitation
of the forced precession.
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Figure 9: Difference ∆Tf = T
k2
f − Tf in free precession period between the non-rigid and the
rigid cases, as a function of the tidal Love number k2. The ratio C/MmR
2 varies from 0.32 (top
curve) to 0.36 (bottom curve).
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4 Spin axis orientation measurements and previous data inver-
sion
4.1 Orientation measurements
The spin axis orientation has been estimated by means of three different techniques so far. First,
Margot et al. (2007, 2012) have observed, using Earth-based antennas, the variations of radar
echoes of the surface of Mercury, which are tied to the planet’s rotation, or more specifically
to the rotation of its surface solid layer. Secondly, Stark et al. (2015b) have used images and
laser altimeter data from MESSENGER to investigate the rotation of surface. The results of
Margot et al. (2012) and Stark et al. (2015b) are in a very good agreement (see Tab. 2 and
Fig. 10). Thirdly, Mazarico et al. (2014) and Verma and Margot (2016) have analyzed radio
tracking data of MESSENGER, which are affected by the orientation of the gravity field of the
planet. Those two determinations, although based on similar approaches, are only marginally
consistent, and the one of Mazarico is further away from those of Margot et al. (2012) and Stark
et al. (2015b). Mazarico et al. (2014) have argued that their estimate may be influenced by a
differential rotation of a solid inner core with respect to the surface solid layer. However, Verma
and Margot (2016) tend to rule out such differential rotation.
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Figure 10: Right ascension (α) and declination (δ), in the ICRF, of the orbit pole of Mercury
and of its spin pole according to the estimates of Margot et al. (2007, 2012), Mazarico et al.
(2014), Stark et al. (2015b) and Verma and Margot (2016). The solid line represents the location
of the Cassini state, at J2000, for all possible positive values of the equilibrium obliquity in the
frame of the classical Cassini state model. Here, we have chosen the same plot limits as in Fig.
2 of Margot et al. (2007) and Fig. 1 of Margot (2009), to facilitate comparisons. The dashed
rectangle represents the plot limits used in Fig. 2 of Stark et al. (2015b), and that will be used
in Fig. 12.
4.2 Equatorial and Cartesian coordinates
In the five studies mentioned in Section 4.1, Mercury’s spin orientation is defined with respect
to a Mercury-centered ICRF by the values of the right ascension α and declination δ of the spin
pole. In our improved models for the Cassini state (Sections 2 and 3), the spin orientation is
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defined with respect to the Laplace reference frame by the Cartesian coordinates (sx, sy, sz) of a
unit vector sˆ, see Eq. (9). In the same way, the orientation of the orbit pole can be expressed by
the equatorial coordinates (αorb, δorb) with respect to the ICRF, or by the Cartesian coordinates
(nx, ny, nz) of the unit vector nˆ with respect to the Laplace reference frame, see Eq. (10).
The relations between the two representations are: sxsy
sz
 = Rx(pi/2− δLP ).Rz(pi/2 + αLP )
 cos δ cosαcos δ sinα
sin δ
 (72)
 nxny
nz
 = Rx(pi/2− δLP ).Rz(pi/2 + αLP )
 cos δorb cosαorbcos δorb sinαorb
sin δorb
 (73)
where αLP and δLP are the orientation parameters, with respect to the ICRF, of the unit vector
perpendicular to the Laplace plane.
4.3 Approximations and previous results
The spin orientation parameters are expressed at the J2000 epoch in all five papers. The choice
of J2000 as the reference epoch complies well with the current IAU conventions where it is
customary to express α and δ around J2000 (e.g. Archinal et al. 2011). Besides, it allows an
easy comparison between the different studies which use measurements from different epochs.
However, it requires a prior assumption on the spin precession behavior to correct for the motion
of the spin between J2000 and the measurement epoch.
To estimate the values of αJ2000 and δJ2000 at J2000 from the values of αep and δep measured
at epoch Tep, the authors of the five studies use the following linear approximation for the spin
orientation parameters α and δ:
α = αJ2000 + α˙ T (74)
δ = δJ2000 + δ˙ T, (75)
where T is the time expressed in Julian centuries from J2000 and α˙ and δ˙ are linear variations
rates. They assume that α˙ and δ˙ are equal to the linear variation rates, α˙orb and δ˙orb, of the
orbit orientation parameters αorb and δorb, as a result of their choice of the classical Cassini
state model, and the associated equality between the precession rates (ψ˙ = Ω˙) of the equatorial
and orbital planes, to interpret the measurement. However, they do not impose the coplanarity
(ψ = Ω) associated with this particular state.
The orbital variation rates α˙orb and δ˙orb correspond to a linear approximation around J2000
of a uniform orbital precession with respect to the Laplace pole with a period of about 326 kyr
(longitude of the ascending node at J2000 ΩJ2000 = 23.73
◦) and an inclination i of about 8.53
degrees. From our analysis of the ephemeris, and by linearizing the solution of Eq. (73) where
nˆ is replaced by Eq. (10), we find that (see Appendix A)
αorb = 280.9879
◦ + α˙orb T, (76)
δorb = 61.4478
◦ + δ˙orb T, (77)
α˙orb = −0.0328◦/cy, (78)
δ˙orb = −0.0048◦/cy. (79)
This representation of the orbital precession only stands for the 1000 years’ time span covered
by the analyzed ephemeris.
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With their own determination of the orbital precession rates α˙ and δ˙, Stark et al. (2015b)
estimate the spin orientation parameters αJ2000 = 281.0098
◦ and δJ2000 = 61.4156◦ from Eqs.
(74-75) using the spin orientation parameters αep = (281.00548±0.00088)◦ and δep = (61.4150±
0.0016)◦ for the reference measurement epoch MJD56353.5, which is the midterm point of the
MESSENGER orbital mission phase (4809 days, or 13.17 years after the J2000 epoch). Note
that neither the estimate of αep and δep, nor the reference epoch Tep that we could use to retrieve
them from the published αJ2000 and δJ2000, are provided in the other studies.
Once αJ2000 and δJ2000 are determined, the obliquity εJ2000 is evaluated in the different
studies as the solution of (see Eq. 39)
cos εJ2000 = nˆJ2000.sˆJ2000 (80)
while the deviation δ˜J2000 can be computed as (see Eq. 41)
sin δ˜J2000 = − (nˆJ2000 ∧ lˆ)√
1− (lˆ.nˆJ2000)2
.sˆJ2000, (81)
where nˆJ2000 is obtained by introducing the (αorb, δorb) at J2000 of Eqs. (76-77) in Eq. (73) and
sˆJ2000 is obtained by introducing (αJ2000, δJ2000) of Eqs. (74-75) in Eq. (72).
Except for Verma and Margot (2016), all studies converge to an obliquity εJ2000 a few arcsec
larger than 2 arcmin (see Tab. 2 and Fig. 10). Making use of Peale’s equation (for instance,
Eq. 29 with Ω˙ and ω˙ << n), where the precession amplitude εΩ is approximated by εJ2000, the
estimate of the normalized polar moment of inertia
C
MmR2
∼= −n sin εJ2000
Ω˙ sin(i+ εJ2000)
(
G201(e)C22(1 + cos εJ2000)
−G210(e)C20 cos εJ2000
)
(82)
is between 0.34 and 0.36 for all studies but Verma and Margot (2016), where the smaller obliquity
(1.9 arcmin) implies a smaller normalized polar moment of inertia (0.32).
In Margot et al. (2007), the coplanarity is almost perfectly satisfied, while the spin axis lags
behind its expected position by 2.3 arcsec (still consistent with a zero deviation within the limits
of the measurements precision) in Margot et al. (2012). In Mazarico et al. (2014), the spin axis
tends to be ahead of its expected position by 7.9 arcsec. In Stark et al. (2015b) and Verma and
Margot (2016), the deviation is 1.7 arcsec and 4.4 arcsec (lagging behind), respectively. The
results of our computations of the deviation are summarized in Table (2).
4.4 Measurements uncertainties
In the best cases (Margot et al., 2012, Stark et al., 2015b), the uncertainty on the obliquity
is about 4% (0.08 arcmin) and results almost entirely from the uncertainty on the spin mea-
surements. More specifically, it is the uncertainty on δJ2000 that dominates the uncertainty on
εJ2000, while the uncertainties related to αJ2000 and the orientation parameters αorb and δorb
of the orbit pole do not significantly contribute to the obliquity uncertainty budget. The un-
certainties on the orientation of the Laplace pole do not contribute to the obliquity uncertainty
budget neither, since the definition of the obliquity (Eq. 80) is independent of the Laplace pole
orientation.
The uncertainty on ε propagates to the uncertainty on C/MmR
2 by using the quasi linear
relation between the obliquity and the polar moment of inertia of the classical Cassini state
model, Eq. (1). As noted in Margot et al. (2012), the uncertainties on the gravitational
coefficients and on the orbital parameters, that intervene also in Eq. (1), contribute to a smaller
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extent to the uncertainty budget on the polar moment of inertia than the uncertainty on the
obliquity. With the current uncertainty on the gravitational coefficients (Mazarico et al., 2014,
Verma and Margot 2016), their contribution to the uncertainty on C/MmR
2 is 0.005%.
The uncertainty on the polar moment of inertia related to the orbital parameters is dominated
by the uncertainty on the determination of Ω˙ and i (or equivalently, on the determination of
the products Ω˙ sin i and Ω˙ cos i) and is less than 1% (Yseboodt and Margot 2006). Using the
uncertainty on Ω˙ sin i and Ω˙ cos i of Stark et al. (2015a) and their very low correlation, we
find an effect of 0.07% on the determination of C/MR2 (Stark et al., 2015a report an effect
of 6.1 × 10−5, or 0.02%). In Appendix A, using our own determination of Ω˙ sin i and Ω˙ cos i,
we find that this effect is 0.016%, while the uncertainties on n and e have an effect of 0.003%
and 0.007%, respectively. The difference between the different estimations of the effect of the
uncertainties on the orbital parameters is due to the choice of ephemeris, but above all to the
time-interval used to fit the orbital parameters, which influences the value of the uncertainty on
Ω˙ sin i, and to the method chosen to evaluate the orbital parameters.
The uncertainty on the deviation is a few arcsec (see Table 2) and will affect the determination
of k2/Q as we do in Section 5. It is mainly due to the uncertainty on the spin pole orientation
parameters. For the spin orientation of Stark et al. (2015b), the uncertainty is very large (3
arcsec, or 180%). The contribution of the uncertainties on the orbit pole orientation is smaller.
The uncertainty on the Laplace plane determination certainly affects the determination of the
deviation too. However, Stark et al. (2015) find that the Cassini plane has a 1σ thickness
of 0.18 arcsec, an order of magnitude smaller than the few arcsec uncertainty on δ˜ due to
the uncertainties on the spin orientation parameters. With our approach to determine the
orientation of the Laplace plane, we find a 1σ thickness of 0.025 arcsec (two orders of magnitude
smaller than the uncertainty on the deviation δ˜, see Appendix A).
4.5 Systematic errors
Besides the effect of measurement uncertainties on the determination of the polar moment of
inertia, some approximations considered in the five studies may biais the data interpretation.
In this section, we demonstrate that the systematic errors resulting from the linearization of the
precession are smaller than the current uncertainty on the determination of the obliquity and of
the deviation.
Equations (74-75) are linear approximations around J2000 of the spin precession, where
the linear variations rates are chosen equal to those of the linearized orbital precession of Eqs.
(76-77). Because of the non-zero obliquity of the spin axis, its equatorial coordinates have to
decrease slightly faster than those of the orbit normal, for the spin to precess at the same rate as
the orbit (see Appendix 3 of Stark et al. 2015a). For a uniform spin precession with respect to
the Laplace pole with a period of 325,513±10,713 years and an inertial obliquity θ = 8.53◦+εΩ,
the correct form for the linearized spin parameters, at first order in εΩ (expressed in degrees in
the equations hereafter) is
α = αJ2000 + (α˙orb − 0.0029065 εΩ)T, (83)
δ = δJ2000 + (δ˙orb − 0.0004154 εΩ)T. (84)
and is obtained from Eq. (72) where sˆ is replaced by sˆΩ of Eq. (28) and ΩJ2000 is left unknown.
For εΩ = 2 arcmin, Eqs. (74-75) leads to a difference in rates of about 0.3% with respect to
those of Eqs. (83-84) and of about ±1.7 and ±0.3 arcsec in α and δ, respectively, 500 years
before or after J2000, at the limits of the time span covered by the analyzed ephemeris.
Even if the obliquity was zero, the linear approximation by itself would introduce a difference
with respect to the uniform precession. This is the same difference as the one between the
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linearized orbital parameters of Eqs. (76-77) and parameters obtained from Eq. (73) where
nˆ is replaced by Eq. (10). These additional errors on α and δ are about 0.4 and −1 arcsec,
respectively, 500 years after J2000.
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Figure 11: Effect of different approximations on the computation of the spin orientation param-
eters α (solid lines) and δ (dashed lines) as a function of the time. The top and middle panels
depict the effect of neglecting the obliquity in the linearization of the parameters and the effect
of linearization of the orbit precession, respectively. The bottom panel shows the cumulated
effects, on a shorter time scale.
Close to J2000, the cumulated differences are dominated by the effect of neglecting the
obliquity in the linear variations rates. 4809 days, or 13 years, after J2000, these differences are
+0.05 and +0.006 arcsec (see Fig. 11). They propagate oppositely (−0.05 and −0.006 arcsec)
to the determination of αJ2000 and δJ2000 from the measured αep and δep and are well below the
observational precisions which are 3.2 and 5.8 arcsec.
The consequences of these approximations on the determination of the obliquity and of the
deviation are about −0.0008% (−0.0009 arcsec) and −1.3% (−0.023 arcsec), respectively, well
below the current uncertainties of a few arcsec. Using Peale’s equation, the polar moment of
inertia is therefore underestimated by only 0.0008%.
Although the linear approximation does not introduce large systematic errors, it introduces
an inherent inconsistency since it implicitly relaxes the condition of coplanarity which is used
nevertheless in the classical Cassini state model (and Peale’s equation) to interpret the estimated
obliquity. This compromise is made to allow an easy interpretation of data that are not neces-
sarily consistent with the chosen model. A more consistent approach would consist in finding the
coplanar orientation closest to the measured orientation at Tep and to use it for interpretation.
But an even better approach is to use a model with which the data can be consistent, a model
that is not characterized by coplanarity and uniform spin precession rate. We have shown in
Section 3 that the improved Cassini state model taking into account the pericenter precession
and non-elastic tidal deformations meets these criteria. We will use this model in the next sec-
tion to interpret the data, and show that a systematic error of +0.16% on the determination of
the polar moment of inertia can be avoided.
5 A new inversion of the data
Using our improved Cassini state model developed in Section 3, we now aim to inverse the
observed αep and δep of Stark et al. (2015b) in terms of the normalized polar moment of inertia
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C/MmR
2 and of the tidal parameters k2 and k2/Q. These three parameters are sufficient to
describe the whole model, and are directly connected to the internal properties of Mercury. In
brief, the precession and nutation amplitudes are quasi proportional to C/MmR
2, the tidal Love
number k2 increases the value of the precession amplitude, while the deviation due to the non-
elasticity is quasi proportional to k2/Q and independent of C/MmR
2. Note that for numerical
evaluations, the coefficients C20 and C22 contained in κ
k2
20 and κ
k2
22 (Eqs. 53-54), are replaced by
the measured gravity coefficients, which are the sum of the static hydrostatic terms Ch,stat20 and
Ch,stat22 , and of non-hydrostatic contributions.
With the solution, we correct αep and δep for the spin motion, in order to find the values of
αJ2000, δJ2000, but also of εJ2000 and of δJ2000, that are needed to define Mercury’s orientation
model according to IAU conventions.
We chose the data of Stark et al. (2015b) for two reasons. First, they provide the numerical
values for αep and δep, which are essentially not affected by any assumptions on the spin preces-
sion behavior. Indeed, the systematic errors due to the assumption that the spin precession is
equivalent to the linearized orbital precession (see Section 4.5) are on average close to zero when
the reference epoch is set to the midterm point of the observation interval, instead of J2000.
Secondly, their estimation for the spin orientation, from images and altimeter data, is in good
agreement with the estimate by Margot et al. (2012), obtained from a different technique (Earth-
based radar measurements). In Margot et al. (2012), the observation interval is 2002/05/13 to
2012/07/04, so that we could use the middle date MJD54259.5 (2715 days, or 7.43 years after
the J2000 epoch) as a proxy for the reference epoch, and compare the resulting solution for the
geophysical parameters with the one obtained using the data of Stark et al. (2015b). The spin
orientation parameters corresponding to that ’reference epoch’ are αep = (281.0079 ± 0.0015)◦
and δep = (61.4151 ± 0.0013)◦. The error bars are computed from the covariance matrix for
the spin axis orientation at J2000 (Jean-Luc Margot, personal communication). For now, we
consider that the estimates of Mazarico et al. (2014) and Verma and Margot (2016), based on
the same technique (analysis of radio tracking data of MESSENGER) are not reliable enough
since they are marginally in agreement with each other and with the estimates of Stark et al.
(2015b) and of Margot et al. (2012).
In the equatorial plane of the ICRF, the equatorial coordinates αep and δep correspond to
the Cartesian coordinates
xep = cos δep cosαep (85)
yep = cos δep sinαep. (86)
For our improved model and associated spin vector sˆ (Eq. 60), at the reference epoch, the
theoretical equatorial coordinates (αth, δth) are given by Eq. (72) (here, we do not use the
linearized approximations for the spin and orbit parameters rates). They correspond to a set of
Cartesian coordinates in the equatorial plane of the ICRF
xth = cos δth cosαth (87)
yth = cos δth sinαth. (88)
Using an iterative least squares approach, we adjust C/MmR
2, k2 and k2/Q to minimize the
difference
χ2 =
(
xep − xth
σx
)2
+
(
yep − yth
σy
)2
(89)
between (xth, yth) and (xep, yep), with σx = 3.4×10−6 and σy = 25.4×10−6. These uncertainties
were propagated from the uncertainties on αep and δep, assuming a correlation of 0.92 between
them.
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5.1 Inversion
We chose the prior value for C/MmR
2 and k2 among the range of values reported in the different
observational studies (0.35 and 0.50, respectively) and large prior uncertainties (0.1 for both
parameters, see Table 3). We chose a reasonable value (100) for Q, so that k2/Q = 0.005, and
we associate a large uncertainty (0.05) to the ratio k2/Q. After inversion, we find C/MmR
2 =
0.3433 ± 0.0134, k2 = 0.50 ± 0.1, and k2/Q = 0.00563 ± 0.01651. The prior uncertainties of
the parameters have been chosen larger than what can reasonably be assumed, to ensure that
if the uncertainty on the solution is of the order of the present one or smaller, it reflects the
measurements precision and not the prior uncertainty. This way, it is possible to know if the
measurement of the spin orientation contains or not information about each parameter.
The nominal value for the moment of inertia differs from the (corrected) nominal value of
Stark et al. (2015) by only −0.00045 (−0.13%). It means that neglecting the effect of pericenter
precession and tidal deformations, truncating G210(e) at third order in e (in practice, we use a
tenth order development in our calculations), and linearizing the orbital orientation parameters
lead to an overestimation of the polar moment of inertia by 0.13%. This is mainly because of
the tidal deformations (+0.29%) and of the nutations (−0.13%), while the effect of the G210(e)
truncation and of the orbit linearization are −0.035% and −0.0008%, respectively. Table 4
summarizes the individual effects of these approximations, and also includes an estimation of
the effect of other approximations which can affect the accuracy of the determination of C. Our
uncertainty on the polar moment of inertia (∼ 4%) is similar as the one of Stark et al. (2015b).
The solution for k2 is equal to its prior nominal value and uncertainty (see Table 3), meaning
that it is not possible to constrain k2 from a measurement of the spin orientation. The small effect
of tidal deformations in the mean obliquity cannot be separated from the major contribution
of the polar moment of inertia (the tidal effect is about 0.35 arcsec in obliquity whereas the
uncertainty on the obliquity is 0.08 arcmin = 5 arcsec). Even with a better measurement
precision, a determination of k2 from the spin measurement would not be possible because that
parameter and C/MmR
2 have an effect of the same nature, but of different amplitudes, on the
orientation of the spin axis. A large variation in the prior value of k2 of −0.1 (so that k2 = 0.4,
the bottom value of a realistic range, see Fig. 6) leads to a change of +0.06% in the determination
of the polar moment of inertia. To find the same moment of inertia as Stark et al. (2015b), we
would need to have k2 ' 0.3, which is too low to be realistic. This stresses the need to include
tidal deformations in the Cassini state model. The solution for the polar moment of inertia is
not robust to a change in the prior value of k2, but we have some knowledge on the value of
k2. We estimate that the actual precision on k2, which is about ±0.02 (Mazarico et al., 2014;
Verma and Margot, 2016), induces a contribution of ±0.01% on the measurement uncertainty
of C, which is below the 4% due to the uncertainty on the determination on (αep, δep).
The solution for the ratio k2/Q, even though not tightly constrained (uncertainty of 300%),
has a better precision than the prior. This means that, with a better precision on the measure-
ment of the spin orientation than the current one, it would be possible to constrain k2/Q. From
k2 = 0.50 ± 0.1 and k2/Q = 0.00563 ± 0.01651, it follows that Q = 89 ± 261. The solutions
for k2/Q and Q are affected by a change in the prior value of k2. We estimate that the actual
uncertainty of ±0.02 on k2 induces a contribution of ±0.02% to the uncertainty on k2/Q and
of ±0.4% to the uncertainty on Q, well below the 300% uncertainty to the uncertainty on mea-
surement of the spin orientation. We place an upper limit of about 0.02 on the ratio k2/Q and
of about 350 on Q at the 1σ level (0.06 and 900, respectively, at the 3σ level). If we consider the
spin orientation of Margot et al. (2012), translated to the epoch corresponding to the middle
date of their observation interval, we find that k2/Q = 0.0094 ± 0.0148 and Q = 53 ± 85. The
upper limit at the 1σ level on the ratio k2/Q is also about 0.02, but the upper limit on Q is
about 140, lower than the one derived from the data of Stark et al. (2015b).
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The uncertainty on C/MmR
2 and k2/Q reflects only the uncertainty on the determination of
(αep, δep), or equivalently, the uncertainty on the corresponding obliquity and deviation, and not
the uncertainties on the gravity field coefficients or on the orbital parameters that we assumed
to be perfectly known and that intervene in the definition of the function for (xth, yth), through
the precession and nutation amplitudes and the tidal deviation. Just as the uncertainty on the
obliquity propagates to the determination of the polar moment of inertia, the uncertainty on the
deviation (3 arcsec, see Section 4.4) propagates to the determination of k2/Q. The deviation
associated to k2/Q being about 1 arcsec, the uncertainty on k2/Q associated to the uncertainty
in deviation is logically about 300%.
We have seen that the effect of the uncertainties on the gravity field coefficients and on the
orbital parameters contribute very little to the error budget on the polar moment of inertia
(±0.005% and ±0.03%, respectively, small compared to the uncertainty of ±4%). Similarly,
we estimate that the uncertainties on the gravity field coefficients or on the orbital parameters
contribute to ±0.005% and ±3% to the error budget on k2/Q, largely below the uncertainty
of ±300% (consider Eq. 70, and the uncertainties on the gravity coefficient from Mazarico et
al. 2014 or Verma and Margot 2016, and the uncertainty ±0.28◦ on the inclination derived in
Appendix A). If we had used the linearized approximations for the spin and orbit parameters
rates, we would have introduced a bias of −0.023 arcsec on the deviation (see Section 4.5),
and therefore an error of −2.3% on the determination of k2/Q, also below the uncertainty of
±300%. Neglecting the effect of the pericenter nutations would lead to a systematic error of
+86% on the determination of k2/Q, since all the measured deviation would be seen as the tidal
deviation. We have neglected the effect of viscous coupling at the CMB on the deviation (0.016
to 0.055 arcsec, according to Peale et al., 2014), meaning that we may have overestimated the
tidal deviation and introduced a systematic error of +2% to +6% on the determination of k2/Q.
The sources of uncertainties and error on the determination of k2/Q identified throughout this
study are summarized in Table 5.
5.2 Obliquity, deviation and orientation model
The solution corresponds to a precession amplitude εk2Ω = (2.032 ± 0.080) arcmin (εΩ = 2.026
arcmin and ∆εΩ = 0.006 arcmin) and a nutation amplitude ε
k2
ω = (0.868± 0.034) arcsec (εω =
0.863 arcsec and ∆εω = 0.005 arcsec). The nutation accounts for an obliquity variation ∆ε
of −0.162 arcsec and a deviation of 0.853 arcsec. The additional deviation εζ due to the non-
elasticity is (0.995± 2.914) arcsec.
Using Eqs. (60) and (72), we find αJ2000 = (281.00981± 0.00083)◦ and δJ2000 = (61.41565±
0.00150)◦. The obliquity at J2000, computed from Eq. (39), is εJ2000 = (2.029± 0.080) arcmin,
while the deviation δ˜J2000 = (1.847± 2.882) arcsec (Eq. 41). The uncertainties on the obliquity
(4%) and on the deviation (160%) are dominated by the relatively small uncertainty on the
polar moment of inertia (through εk2Ω ) and by the relatively large uncertainty on k2/Q (through
εζ), respectively.
As can be seen directly from Fig. (12), this solution is very close to the determination of
the spin orientation at J2000 of Stark et al. (2015b). As a result of the propagation of errors,
we find uncertainty on αJ2000 and on δJ2000, as well as the correlation between them, very
similar to those of Stark et al. (2015b). The use of the classical Cassini state model by Stark
et al. (2015b), without imposing coplanarity, compensates for the other model approximations
(pericenter, tides, . . . ) when it comes to determine (αJ2000, δJ2000), because of a geometrical (but
not physical) equivalence. In Stark et al. (2015b), the linearization of the orbital parameters
translates the observed deviation from the measurement epoch to J2000, without giving it any
physical meaning. Here, the deviation arises because of the physics of the model used in our
inversion. However, the compensation does not apply to the determination of C. The polar
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Figure 12: Right ascension (α) and declination (δ) of the rotation axis of Mercury in the ICRF
at J2000, according to the five studies mentioned in Section 4.1. The 2σ uncertainties of Margot
et al. (2012) and Stark et al. (2015b), represented by ellipses, are computed from the covariance
matrix for the spin axis orientation at J2000 (Jean-Luc Margot, personal communication) and
reproduced from Stark et al. (2015b), respectively. The uncertainty of Mazarico et al. (2014)
and of Verma and Margot (2016) are at the 1σ level. The location of the spin axis at the
measurement reference epoch of Stark et al. (2015b) is also indicated (red star). The black star
and the black ellipse stands for our determination of the J2000 position and the corresponding
2σ uncertainty region, using our improved Cassini state model where the effect of the pericenter
precession and tidal deformations are taken into account. See Fig. 10 for legend of the other
markers. The solid line represents the location of the classical Cassini state at J2000. We have
chosen the same plot limits as in Figure 2 of Stark et al. (2015b) to ease the comparison with
their results.
moment of inertia is related to the mean obliquity in our approach, and not to the obliquity at
J2000, explaining the 0.13% difference between the two estimates of C.
In principle, improving the Cassini state model implies a slightly different definition for
Mercury’s orientation model. However, while the effect of the precession of the pericenter and of
tidal deformations may become relevant in the future to the determination of the polar moment
of inertia and tidal parameters, it does not bring significant improvements to the definition of
the orientation model parameters adopted by the IAU (Archinal et al. 2011) on the basis of
Margot et al. (2007, 2009) which are
α = 281.0097◦ − 0.0328◦T (90)
δ = 61.4143◦ − 0.0049◦T. (91)
Because the effect (0.3%) of obliquity on the rates α˙orb and δ˙orb is already neglected, it will
not be necessary to correct those rates for the effects of nutations and tidal deformations on
the obliquity. The central values at J2000 could be improved in time if the measurement pre-
cision is improved, however, they are not really affected by the addition of nutations and tidal
deformations to the Cassini state model.
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6 Comparisons with the literature
In Sections 2 and 3, we have developed a new analytical model for the Cassini state of a (non)
rigid Mercury with a precessing perihelion and we have discussed some similarities and differences
with the existing literature. Here, we deepen the comparison on several points.
6.1 On the relation between the mean equilibrium obliquity and the polar
moment of inertia
Equation (29) and the approximated Eqs. (30) and (32) relate the mean equilibrium obliquity
to the polar moment of inertia. It is similar to what is found in earlier studies carried out with
the Hamiltonian approach. We now discuss similar equations.
6.1.1 Peale’s equation
Let us consider Eq. (4) of Peale (1981). Note that Peale has neglected Ω˙ and ω˙ in front of n, so
that n˜ = n, write Ω˙ as µ, and denotes the orbital obliquity (εΩ here) by θ (not to be confounded
with our angle θ which is the inertial obliquity). A comparison between Peale’s equation and our
equation (29) shows straightforwardly that Peale has in fact defined the obliquity as a clockwise
angle, against the usual convention. Therefore, the sign of θ has to be changed in his equation
in order to avoid the determination of a negative ratio C/MmR
2 from the measured obliquity.
This sign mistake has recently propagated to Eq. (37) of Stark et al. (2015a) who denotes
the obliquity by ic. In addition, Stark defines µ as the absolute value |Ω˙| = −Ω˙ instead of Ω˙,
likely in an attempt to compensate for the sign error on the determination of the polar moment
of inertia introduced by the sign mistake in the obliquity definition. The cumulated mistakes
lead to a misdetermination of C/MmR
2 in Stark et al. (2015b) by 0.8%. They find 0.346, with
the correct sign, instead of 0.344 (see also Fig. 1).
The fact that the sign of the node precession rate is negative is crucial. It is likely that
the different versions of Peale’s equation existing in the literature, using the negative rate or its
absolute value from one time to the next, contributes to an understandable confusion. Rivoldini
and Van Hoolst (2013) use the absolute value of the precession rate (denoted ψ˙) in their version
of Peale’s equation. They correctly derive a normalized polar moment of inertia of 0.346 from
the measured obliquity of Margot et al. (2012), using a correct version of Peale’s equation in
their numerical code, while their written version of Peale’s equation is affected by a typo (a
minus sign is missing in front of the term cos i of their Eq. 4). Note that this incorrect version
of Peale’s equation is in fact equivalent to Eq. (37) of Stark et al. (2015a), expanded at first
order in obliquity.
Smith et al. (2012), using 2.06 arcmin for the obliquity value of Mercury (Margot et al.,
2011), deduce that C/MmR
2 = 0.353. However, this value is not correct and should be 0.349,
as can be ascertained by using Eq. (32) together with the gravity coefficients and orbital
parameters used in Smith et al. (2012). The difference is likely due to a problem similar as the
one encountered by Stark et al. (2015a,b), since in a previous paper, Smith et al. (2010) present
a version of Peale’s equation in agreement with Eq. 37 of Stark (2015a), provided that the sign
of the precession rate is dropped to ensure a positive polar moment of inertia.
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6.1.2 Noyelles and Lhotka’s equations
We reproduce below, but according to our notations and after some trigonometric manipulations,
Eq. (21) of Noyelles and Lhotka (2013):
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In the limit case where C40 = 0, our equation (29) is in agreement with Noyelles and Lhotka’s
equation, which has then the advantage to take into account the effect of the coefficient C40 of
the gravitational potential.
Noyelles and Lhotka (2013) have expanded their Eq. (21) at first order in the small εΩ
(denoted ε in their paper), to determine an explicit expression for εΩ (their Eq. 22). Note
that εΩ is defined as a clockwise angle in Noyelles and Lhotka (2013), as can be seen from their
unnumbered equation after their Eq. (19), whereas it is defined as a counterclockwise here. Our
Eq. (30) for εΩ does not match their Eq. (22) with C40 = 0, despite the agreement between our
Eq. (29) and their Eq. (21). This is because the development of their Eq. (21) in series of ε
converges slowly to the exact expression (we have checked that numerically: a relative difference
of about 0.5% arises at first ordering, for ε ' 1 arcmin). By first multiplying their Eq. (21) by
the factor sin(i+ ε), the equation has a form closer to our Eq.(29), and the series in ε converge
faster (difference of 0.000005% only). At first order, we then find an expression compatible with
our equation and the one of Yseboodt and Margot (2006):
εΩ = −
(
1 +
2
3
Ω˙
n
cos i+
2
3
ω˙
n
)(
CΩ˙ sin i
nMmR2
)
/[
2C22
(
7
2
e− 123
16
e3
)
− C20
(
1 +
3
2
e2 +
15
8
e4
)
+
R2
a2
C40
(
5
2
+
25
2
e2 +
525
16
e4
)
+
(
1 +
2
3
Ω˙
n
cos i+
2
3
ω˙
n
)
C
nMmR2
Ω˙ cos i
]
(93)
Note that, instead of a very small term proportional to (Ω˙/n)2 sin i, this corrected solution now
contains a larger term proportional to (Ω˙/n) cos i at the denominator. The difference between
the two terms is the cause of a 450 mas offset in obliquity with respect to Yseboodt and Margot’s
formula, for a given polar moment of inertia. Conversely, compared to the corrected Eq. (93),
the use of Eq. (22) of Noyelles and Lhotka (2013) to interpret a measured obliquity leads to an
overestimate of the polar moment of inertia by 0.4%.
From the corrected Eq. (93), we estimate that neglecting C40 leads to a negligible overes-
timate of the polar moment of inertia by 1.5 × 10−7%, in agreement with the conclusions of
Noyelles and Lhotka (2013). In their effort to derive an expression for the mean equilibrium
obliquity, Noyelles and Lhotka (2013) do not find any contribution from the gravitational coef-
ficient C30. However, they do find an effect of C30 when they allow the semi-major axis to be
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a time dependent quantity and integrate numerically the non-averaged Hamilton’s equations.
Since C30 = −1.26× 10−5 (Mazarico et al., 2014), the mean obliquity would be 270 mas larger
than expected from the analytical modeling, for a given polar moment of inertia. This effect
would lead in turn to overestimate the polar moment of inertia by 0.22% when interpreting a
measured obliquity with Eq. (93).
6.2 On the nutation
In the Hamiltonian of Peale et al. (1974), there are two terms that would lead to nutations
induced by the perihelion precession. Peale (1974) has neglected these terms since the driving
torque is proportional to the eccentricity at third order (see our factor κω, Eq. 26). However,
the main torque also contains a term of third order in eccentricity which is never neglected in
the literature. The first nutation term in the Hamiltonian is proportional to G213(e) =
53e3
16 + . . .
and corresponds to the secondary torque we find within the angular momentum approach. The
other term is proportional to G225(e), which is of the fifth order in e. We have not found the
corresponding very small torque, since we have considered an expansion up to the third order
in eccentricity to derive the secondary torque. Considering expansion of higher order would
go against our search for a compact analytical solution, without improving the accuracy of the
solution in a useful way.
More recently, Peale et al. (2016) have showed numerically that the projection of the spin
vector onto the orbital plane is time-dependent and describes two circles of 0.87 arcsec of radius
for each precession of the argument of pericenter, in agreement with our estimates for εω (see
Fig. (4), Section 2). They have argued that this is considerably less than the current 5 arcsec
uncertainty in the spin axis orientation and they have not paid further attention to it. However,
this nutation explains about half of the measured deviation.
Noyelles and Lhotka (2013) have concluded that the secular variations of the orbital ele-
ments (including the secular variation of the pericenter argument) alter the obliquity by 10 mas
(0.008%) after an interval of 20 years. However, it is more relevant to estimate the difference
between the equilibrium obliquity (which can be seen as constant on very short timescales) and
the mean obliquity, due to the secular variations of the orbital elements, in order to assess their
effect. From Section 2, we estimate that the nutations induced by the pericenter precession have
an effect ∆ε of ' 160 mas (0.13%) at J2000, one order of magnitude larger than the effect stated
by Noyelles and Lhotka (2013).
Yet, some numerical results presented in Noyelles and Lhotka (2013) can be understood
in terms of this nutation. From the frequency analysis of their numerical integration of the
equations of Hamilton (see their table 2 where the notation ω is used for the pericenter longitude
instead of the usual notation $) it can be seen that both the difference between the inertial
obliquity and inclination (θ − i ' ε) and between the equatorial and orbital node longitudes
(ψ−Ω ' δ˜/θ) have a term with frequency 2$− 2Ω = 2ω, which is our nutation frequency. The
amplitude of those terms also corresponds to our nutation amplitude. Dufey et al. (2009) also
report some latitudinal librations induced by the pericenter precession (see the first line of their
Tab. 3), but with an amplitude half of ours.
Besides that nutation, Noyelles and Lhotka (2013) have found other variations of higher and
smaller amplitudes. Those terms are related to frequencies issued from an orbital frequency
analysis where the node and pericenter precession are assumed to consist of two superimposed
motions with respect to the ecliptic plane at J2000, instead of a uniform motion with respect to
the Laplace plane. Such a decomposition certainly improves the fit to astrometric measurements,
but the additional spin nutations may have no physical meaning in practice, since the time-span
of astrometric observation is very short compared to the precession timescales.
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6.3 On the effect of tidal deformations
Peale (2005) and Peale et al. (2014) introduce a tidal torque to study the evolution of the spin
towards its present equilibrium orientation. They only need the part related to the time delay
(and proportional to k2ζ) to do so. Here, as we aim to study the effect of tides on the equilibrium
orientation itself, the term proportional to k2 in Eq. (47) cannot be ignored.
Noyelles and Lhotka (2013) aim to study the effect of elastic tidal deformations on the
equilibrium obliquity εΩ. While we find an effect of 300 mas (see Section 3), they find a ten
times smaller effect of 30 mas (see their table 4). This difference can be explained by a thorough
comparison of both approaches.
They present the effect of elastic deformations on the obliquity as being only variations of
small period, with peak-to-peak variations of 30 mas (because they have neglected S22, C21
and S21, we expect that they have underestimated the peak-to-peak variations by a factor 2).
However, as we have seen above, the main effect of elastic tides is to add a constant term to the
mean obliquity, shifting it by about 300 mas. We have chosen to average over the small periods
and, as a result, over the variations of small amplitude they introduce, since we have aimed to
keep the model analytically manageable. Noyelles and Lhotka (2013) certainly have reproduced
that shifting of the mean value while numerically evaluating the obliquity variations (see their
Fig. 4), but without realizing it.
An estimation of the periodic variations of the obliquity due to the tidal deformations is
relevant, as it may affect the determination of the polar moment of inertia (a variation of 30
mas in obliquity shifts the polar moment of inertia by 0.025%). However, the estimation by
Noyelles and Lhotka (2013) is inaccurate for two reasons. First, they limit the effect of tidal
deformations on the equilibrium obliquity to the first order in eccentricity, which is inappropriate
because of the large eccentricity of Mercury. Secondly, in their expression for Mercury’s gravity
field (see their unnumbered equation at the beginning of their section 2.4), they neglect the effect
of S22, C21 and S21. This is correct in the rigid case where those coefficients are zero. However,
in the non-rigid case, this amounts to consider only the radial bulge but not the obliquity and
librational bulges.
For synchronous satellites, only the part of the tidal deformations related to the obliquity and
the variations of C21 influences the equilibrium obliquity ε
k2
Ω , and not the radial and librational
parts (Baland et al. 2016). Here, within the 3:2 resonance, all tidal deformations contribute to
the change in equilibrium obliquity. The individual effects of Ch,peri20 , C
h,peri
22 , S
h,peri
22 , C
h,peri
21 and
Sh,peri21 are −0.12,−0.46,−0.02, 1.46 and 0.14 ∆εΩ, respectively.
An updated numerical estimation of the periodic variations in obliquity due to the tidal
deformations is needed, but is beyond the scope of this paper.
6.4 On the choice of the reference plane
Our choice of the reference plane as the Laplace plane is different from the one of Peale (2005)
and Peale et al. (2014, 2016) who chose the orbital plane as a reference plane and aim, within
the angular momentum formalism, to study the forced precession. A positive aspect of their
choice is that the gravitational torque (not averaged over the pericenter angle ω) is written
straightforwardly in a compact form (see their Eq. 7), while we need to implement a two-step
procedure to reach the compact formulation of the right hand side of Eq. (22). On the other
side, they need to numerically integrate the resulting angular momentum equation (their Eq.
3), while we managed to obtain an analytical solution which highlights the role of the pericenter
precession on the spin behavior.
Peale (2005) aims to study the free precession and assumed that no forced precession occurred
and as a result that the orbital plane was inertial. This assumption is questionable, since it leads
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to a mistake in the computation of the free precession rate of Mercury. In fact, by averaging Eq.
(27) over the forcing period, we can find that the frequency of the free precession is given by
ωf = κ/C (see Eq. 33 ). Peale (2005) finds that (using our notations here) ωf =
√
κ2 − κ2ω/C.
This is because, at the same time, he sets Ω = 0 and i = 0 and chose to consider that the
pericenter direction was the X-axis of the inertial plane, so that ω = 0 is a constant angle, while
keeping e 6= 0. However, setting Ω = 0 does not amount to the same as averaging over Ω (for
instance, the cosine of the node longitude would be 1 instead of 0 on average). To be convinced
of this, one can use those values and wrongly replace nˆ by (0, 0, 1) and pˆ by (1, 0, 0) so that Eq.
(22) becomes Csˆ = κ(sy,−sx, 0) + κω(−sy,−sx, 0), leading to ωf =
√
κ2 − κ2ω/C, as found by
Peale. This mistake introduces a shift of −0.03 years in the free precession period.
7 Discussion and conclusions
We have developed an improved model for the Cassini state of Mercury, seen as a solid body,
motivated by the possible detection of a small deviation from the classical Cassini state. Our
model describes 1) the nutations of the spin axis about its mean orientation induced by the
pericenter precession and 2) the changes in mean obliquity and deviation associated to tidal
deformations. We have analytically solved the angular momentum equation, averaged over short
periods, highlighting the respective roles of the pericenter precession and tidal deformations on
the spin precession behavior (obliquity and deviation).
The model is fully described by three parameters: 1) the normalized polar moment of inertia
C/MmR
2, which defines the mean obliquity and the nutation amplitude (the nutation induces
some time variations in obliquity and in deviation with respect to the Cassini plane), 2) the tidal
Love number k2, which determines the constant shift over time in mean obliquity due to the
tidal deformations, and 3) k2/Q, the ratio of the Love number and of the tidal quality factor,
which induces the additional constant deviation over time due to non-elasticity.
We have assessed the consequences of our model improvements on the determination of the
polar moment of inertia from the recently measured orientation of Stark et al. (2015b). The
refinements we propose allow to avoid a systematic error of +0.1% on C/MmR
2, essentially
because we do not neglect the pericenter precession and tidal deformations. This systematic
error is below the actual precision on the polar moment of inertia (3 − 4%, corresponding to a
5 arcsec precision for an obliquity of about 2 arcmin) but may be of the order of precision that
can be reached with the BepiColombo mission (≤ 0.3%, or ≤ 0.5 arcsec, Cicalo` et al. 2016).
We also avoid other approximations, such as the truncation of the mean obliquity at third order
in eccentricity or the linearization of the orbital and spin orientations parameters, which have
smaller effects on the determination of the polar moment of inertia (see Tab. 4).
In our search for a compact analytical solution, we have nevertheless been forced to make
some approximations. We have assessed the internal accuracy of our analytical solution, obtained
by a perturbative approach from an averaged angular momentum equation derived with a two-
step procedure which distinguishes between the main precession and the small nutations and
tidal effects. From a comparison to the numerical integration of an alternative form of the
averaged angular momentum equation, we estimated that interpreting measurements with our
analytical solution implies a systematic error of +0.015% in the determination of C/MmR
2.
This is one order of magnitude below the combined effect of nutations and tides and the future
expected precision.
The cumulated effect of other approximations may reach the future precision. The most
important is our averaging of the angular momentum equation over short periods. The periodic
effect of tidal deformations could alter the determination of the polar moment of inertia by
0.025% (because of a 30 mas effect on the 2 arcmin obliquity, see Noyelles et al., 2013). We have
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also neglected the polar motion and the short-period nutations which could have an impact of
0.07% (Noyelles et al. 2010, 80 mas) and of 0.02% (Dufey et al., 2009, 20 mas), respectively.
Our independent derivation of the solution for the mean equilibrium obliquity has helped
clarifying the different and mutually incompatible versions of Peale’s equation presented in the
literature, allowing us to avoid mistakes of up to +0.8%. The difference of +0.9% between the
estimation C/MmR
2 = 0.346±0.011 by Stark et al. (2015b) and our estimation 0.3433±0.0134
is due to that mistake of +0.8% and to the cumulated error of +0.1% made by neglecting the
pericenter precession and tidal deformations.
We cannot constrain k2 from the measured spin orientation, since its effect on the mean
obliquity is 0.35 arcsec, one order of magnitude below the actual measurement precision (5 arc-
sec). In the future, even if the measurement precision falls below 0.35 arcsec, a determination of
the tidal Love number from spin measurement would not be possible because of the large corre-
lation between this parameter and C/MmR
2, which both participate to the obliquity. However,
it is necessary to include its effect in the model to avoid a systematic error of 0.3% on the
determination of the polar moment of inertia. Theoretical estimations or actual estimates of k2
from MESSENGER data can be used to that end.
The effect of k2/Q (about 1 arcsec) can be separated from the one of C/MmR
2 (about 0.8
arcsec) in deviation, since C/MmR
2 is well determined thanks to its major contribution to the
mean obliquity. Because of the limited accuracy on the spin orientation, we only put a loose
constraint on the ratio k2/Q (0.00563± 0.01651), corresponding to an upper limit of about 0.02
on the ratio k2/Q and of about 350 on Q (assuming k2 = 0.5) at the 1σ level, in agreement
with the upper limit placed by the current estimates for the Earth, Moon, and Mars). The
large uncertainty (300%) exceeds the inaccuracy of our analytical solution related to the use of
a perturbative approach (1.5%). The possible effects of the averaging over short periods (30 mas
for the periodic tides or 3% of the 1 arcsec tidal deviation, 20 mas or 2% for the short-period
nutations, 80 mas or 8% for the polar motion) are also below the 300% uncertainty. If the
precision on the orientation of the spin axis is improved by a factor ten in the future (accuracy
on the deviation of 0.3 arcsec instead of 3 arcsec), k2/Q could be constrained to the 30% level,
providing essential information about the internal structure of Mercury, as it would be the first
determination for this planet.
We have tested the use of the orbital parameters as derived by Stark et al. (2015a), instead
of the orbital parameters derived in Appendix A. The solutions for C/MR2 and k2/Q decrease
by 0.015% and 9.8%, respectively, below the expected values of ±0.3% and ±30% of the future
uncertainties on the measured obliquity and deviation (Cicalo` et al. 2016).
A caveat of the precession model developed in this paper is that we assume Mercury to be
entirely solid. Measurements of tides and longitudinal librations at a period of 88 days indicate
that the core of Mercury is at least partially liquid, decoupling the solid mantle and crust from
the interior (Margot et al. 2007, 2012). Peale et al. (2016) have shown that the internal
torques resulting from the presence of a fluid outer core and a solid inner core might increase
the equilibrium obliquity and lead to an overestimate of the polar moment of inertia, but they do
not properly study the effect of the pericenter precession and of non-elastic tidal deformations.
In order to prepare the interpretation of future BepiColombo rotation measurements, it will be
necessary to develop a Cassini state model that takes into account all the effects of pericenter
precession, tidal deformations, conservative torques related to the presence of an outer fluid core
and of an inner solid core, dissipative core-mantle boundary viscous coupling, on the equilibrium
orientation of the mantle spin axis, and on the estimation of the polar moment of inertia and of
the imaginary part of the tidal Love number.
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A Orbital parameters and determination of the Laplace plane
The values for the orbital parameters of Mercury used in this paper are derived from the DE431
ephemeris provided by the HORIZONS Web-Interface (http://ssd.jpl.nasa.gov/horizons.cgi, see
also Folkner et al. 2014) under the form of time series for the orbital elements in the ICRF
(International Celestial Reference Frame). We consider a time span of ±500 years about the
J2000 epoch, with a time step of 10 years.
For the mean motion n, the eccentricity e, and the semi-major axis a, we consider the mean
value and standard deviation of their respective time series:
n = (4.092345556± 0.000011374)◦/day (94)
e = 0.2056318± 0.0000622 (95)
a = (5.790907± 0.000011)× 107 km (96)
Even though this simple approach tends to result in uncertainties larger than those obtained by
Stark et al. (2015a), who decompose the orbital elements into a quadratic polynomial for the
long-term behavior and a sum of periodic terms for the short-term behavior, ensuring a better
fit to the data, these uncertainties have little effect (0.007% for e and 0.003% for n) on the
determination of the polar moment of inertia from the measured obliquity, using Eq. (1).
The orbit pole is moving in space. Ideally, we are looking for the orientation of a fixed axis,
called the Laplace pole and perpendicular to the Laplace plane, which is the axis of a cone
swept at a constant rate by the orbit normal, the semi-aperture of this cone being the constant
inclination of the orbit with respect to the Laplace plane. However, such an axis does not exist,
as the orbital precession is not a regular motion in reality (the precession rate and the inclination
are not constant). Instead, we search for the fixed axis which minimizes the variations in orbital
inclination with respect to Laplace plane, and we use the regular motion defined by the fitted
cone as the orbit precession, neglecting the small variations about it. The five quantities needed
to define that cone and the regular orbit precession are the Laplace plane equatorial coordinates
αLP and δLP with respect to the ICRF, the constant inclination i of the orbit with respect to
the Laplace plane, the precession rate Ω˙ and the longitude Ω0 of the ascending node of the orbit
with respect to the Laplace plane at the J2000 epoch (see Fig. 2). We find that
αLP = (273.811048± 0.324494)◦ (97)
δLP = (69.457475± 0.259017)◦ (98)
i = (8.533019± 0.282935)◦ (99)
Ω˙ = (−0.1105948± 0.0036399)◦/cy (100)
Ω0 = (23.730329± 0.303925)◦. (101)
Our determination of the Laplace plane and of the orbital precession is consistent with the
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determinations of Stark et al. (2015a). The precession period is 325,513 ± 10,713 years. The
correlation between αLP and δLP is −99.998%.
The orientation of the orbit pole, defined by the equatorial coordinates αorb and δorb, can
be deduced at any time from these five quantities, before to be linearized around J2000. We
obtain:
αorb = (280.987906± 0.000009)◦ + α˙ T, (102)
δorb = (61.447794± 0.000006)◦ + δ˙ T, (103)
α˙orb = (−0.0328007± 0.0000029)◦/cy, (104)
δ˙orb = (−0.0048484± 0.0000014)◦/cy, (105)
with T the time interval in Julian centuries from J2000. Here, we have a better precision (about
one order of magnitude) than Stark et al. (2015a), as a result of the different approach we use
for the determination of the Laplace pole orientation and orbit precession. In particular, the
uncertainties on the precession rates α˙ and δ˙ induce a 1σ thickness of the Cassini plane of about
0.025 arcsec at the location of the spin axis, thinner than the estimation of 0.18 arcsec by Stark
et al. (2015a).
We can also deduce the products Ω˙ sin i and Ω˙ cos i that intervene in the definition of the
mean obliquity (Eq. 64):
Ω˙ sin i = (−2.864081± 0.000240)× 106/y, (106)
Ω˙ cos i = (−19.088758± 0.642402)× 106/y. (107)
Here, we also have a better precision than Stark et al. (2015a) and we find that the correlation
between Ω˙ sin i and Ω˙ cos i is 5× 10−3, which is small. It is generally accepted that the product
Ω˙ sin i is a quantity that can be estimated with a good precision and slightly depends on the
chosen Laplace plane, contrary to Ω˙ cos i (Yseboodt and Margot 2006, Stark et al. 2015a). It
has to be noted that the determinations of Ω˙ sin i and Ω˙ cos i are weakly correlated, contrary to
the determinations of Ω˙ and i (Corr(Ω˙, i) = 99.9997%). The uncertainties on these products are
the cause of an uncertainty of 0.016% on the determination of the polar moment of inertia from
the measured obliquity, using Eq. (1). Cumulated to the effect of the uncertainties on e and n,
we consider that the effect of the uncertainties on the orbital parameters is about 0.03%.
Finally, as we study the long term nutations of Mercury, we need an estimation of ω, the
argument of the pericenter of Mercury around the Sun measured from the intersection of the
orbital plane and the Laplace plane. This angle can be expressed as
ω = η + ωICRF , (108)
with η, the angle from the ascending node of the orbit on the Laplace plane to the ascending node
of the orbit on the equatorial plane of the ICRF, and ωICRF , the argument of the pericenter of
Mercury around the Sun with respect to the ICRF equator, as given by the chosen ephemerides.
ωICRF is equal to 67.56
◦ at J2000, and has mainly a linear trend with a period of about 191
kyr. The exact value of the period is not well known because the ephemeris covers a much
shorter time span than one full cycle. Even for a perfectly regular orbit (with the orbital plane
precessing regularly around a fixed Laplace pole), η is not constant over time. Around J2000, its
numerical value is about 17.18◦. We use a linear time dependence relationship for the argument
of the pericenter of Mercury with respect to the Laplace plane:
ω(t) = (50.379554± 0.001140)◦ + ω˙ T, (109)
ω˙ = (0.268943± 0.000391)◦/cy. (110)
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The period of ω is about 134 kyr. Using their own determination of the Laplace plane, Stark
et al. (2015a) evaluate ω = 50.3895◦ + 0.26855◦ T , which is close to our computation, but not
entirely consistent, due to the difference in time dependence relationship (linear here, quadratic
for the long-term behavior and periodic for the short-term behavior in Stark et al. 2015a).
B Time-variable gravity field and moments of inertia
The hydrostatic part of the external degree-two gravitational potential of Mercury V l=2, exerted
at a radial distance r, colatitude ϕ, and longitude λ, at time t, is the result of deformations
induced by the tidal and centrifugal degree-two potentials Vt and Vc:
V l=2(r, ϕ, λ, t)
= −GMm
r
(
R
r
)2 2∑
m=0
(Ch2m cosmλ+ S
h
2m sinmλ)P
m
2 (cosϕ)
= kf
(
R
r
)3
(V statt (R,ϕ, λ) + V
stat
c (R,ϕ, λ))
+k2
(
R
r
)3
V perit (R,ϕ, λ, t−∆t), (111)
where G is the universal gravitational constant, Ch2m and S
h
2m are second-degree hydrostatic
gravity field coefficients, kf is the fluid Love number and k2 is the real part of the tidal Love
number, Pm2 is the Legendre function of degree two and order m.
The centrifugal potential is just static here, as we neglect the longitudinal librations and the
polar motion (see Coyette et al. (2016) for complete expressions for a synchronously wobbling
and librating satellite):
V statc (r, ϕ, λ) = qr
GMm
3R
( r
R
)2
P 02 (cosϕ) (112)
with
qr =
9
4
n2R3
GMm
. (113)
The tidal potential
Vt(r, ϕ, λ, t) = −GMsun
d
∞∑
l=2
l∑
m=0
(r
d
)l
(2− δm0)(l −m)!
(l +m)!
Pml (cosϕ)P
m
l (cosϕsun) cosm(λ− λsun)
= V statt (r, ϕ, λ) + V
peri
t (r, ϕ, λ, t) (114)
is here divided into its static and periodic parts. Msun is the mass of Sun. d is its distance to
the center of Mercury, see Eq. (12). λsun and ϕsun are the longitude and colatitude of the Sun,
respectively, in the Body Frame of Mercury. In terms of Cartesian coordinates of the Sun, see
Eq. (6), they can be written as λsun = arctan(Y/X) ' f − 32M and cosϕsun = Z.
The periodic part of the tidal potential is evaluated at t − ∆t in Eq. (111), instead of t,
to model the delay introduced by non-elasticity in the response of Mercury to the attraction of
the Sun (see e.g. Williams et al. 2001 who follows the same approach to get the time-delayed
moments of inertia of the Moon). In practice, the time delay is introduced by subtracting a
phase shift ζ from the mean anomaly M appearing in λsun, ϕsun and d. ζ is approximated by
the ratio of the imaginary part of the tidal Love number over its real part, or equivalently, by
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1/Q with Q the tidal quality factor. Note that we assume here that the real and imaginary
parts of the tidal Love number do not depend on the frequency of the excitation, which ranges
from n/2 to 4n (see below, Eqs. 117-121).
Including Eqs. (6,11,12,13) in Eq. (114) and assuming ψ = Ω, we find
V statt (r, ϕ, λ) = −qt
GMm
6R
( r
R
)2 [(
1 +
3
2
e2
)
P 02 (cosϕ)
−1
2
(
7
2
e− 123
16
e3
)
P 22 (cosϕ) cos 2λ
]
, (115)
V perit (r, ϕ, λ, ζ) = qt
GMm
3R
( r
R
)2
(c20P
0
2 (cosϕ) + c22P
2
2 (cosϕ)
cos 2λ+ s22P
2
2 (cosϕ) sin 2λ+ c21P
1
2 (cosϕ)
cosλ+ s21P
1
2 (cosϕ) sinλ) (116)
at third order in orbital eccentricity e and at first order in θ and i, with
c20 = −
[
3e
(
1
2
+
9
16
e2
)
cos(M − ζ)
+e2
(
9
4
cos 2(M − ζ) + 53
16
e cos 3(M − ζ)
)]
(117)
c22 =
[(
1
4
+
3
2
e2
)
cos(M − ζ) + e
(
−1
8
+
53
12
e2
)
cos 2(M − ζ) + 1
192
e3 cos 4(M − ζ)
]
(118)
s22 =
[(
−1
4
+
11
4
e2
)
sin(M − ζ) + e
(
1
8
+
841
192
e2
)
sin 2(M − ζ)− 1
96
e3 cos 3(M − ζ) sin(M − ζ)
]
(119)
c21 = −(θ − i) cos
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(120)
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s21 = (θ − i) sin
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and
qt = −3GMsun
GMm
(
R
a
)3
. (122)
Because of Kepler’s third law (GMsun = n
2a3), we have qt = −43qr.
Using Eqs. (111-116), expressions for the static and periodic parts of the hydrostatic gravity
coefficients can be easily found. We find static parts
Ch,stat20 = kf
(
−2qr + qt
(
1 + 32e
2
)
6
)
(123)
Ch,stat22 = −kf
qt
12
(
7
2
e− 123
16
e3
)
(124)
Sh,stat22 = 0 (125)
Ch,stat21 = 0 (126)
Sh,stat21 = 0 (127)
which are in agreement with Eq. (A17) of Matsuyama and Nimmo (2009). Below, for concise-
ness, we write the periodic part at first order in e and with no approximation on ζ, but do use the
expansions correct up to order three in eccentricity and order one in ζ in further developments.
Ch,peri20 =
1
2
k2eqt cos(M − ζ) (128)
Ch,peri22 =
1
24
k2qt(−2 cos(M − ζ) + e cos 2(M − ζ)) (129)
Sh,peri22 =
1
24
k2qt(2 sin(M − ζ)− e sin 2(M − ζ)) (130)
Ch,peri21 =
1
6
k2qt(θ − i) cos
(
M − ζ
2
)
[− sin(M − ζ + ω)
+(2 + 4e) sin(M − ζ + ω) + 3e sin(2M − 2ζ + ω)] (131)
Sh,peri21 =
1
6
k2qt(θ − i) sin
(
M − ζ
2
)
[− sin(M − ζ + ω)
+(2− 4e) sin(M − ζ + ω) + 3e sin(2M − 2ζ + ω)] (132)
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The periodic coefficients represent the gravitational contribution of the periodic tidal bulge,
which can be divided into four components having fixed directions with respect to the static
bulge, but time varying amplitudes. Ch,peri20 and C
h,peri
22 represent the radial bulge, aligned with
the static bulge. Sh,peri22 represent the librational bulge, which differs by 45
◦ in the plane defined
by the moment of inertia A and B from the orientation of the static bulge. Ch,peri21 and S
h,peri
21
correspond to two obliquity bulges, which also differ by 45◦ in the planes defined by the moments
of inertia (A,C) and (B,C), respectively, from the orientation of the static bulge (see Fig. 13).
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Figure 13: Orientation of the periodical bulges with respect to the static bulge, seen from the
equatorial plane (defined by the A and B axes) and from the planes defined by the moments of
inertia (A,C) and (B,C). The radial, librational and obliquity bulges vary in amplitude over
time.
With the static and periodic gravitational coefficients of Eqs. (123-132), we can express the
time-varying components of the inertia tensor of Eq. (45) as
C −A = MeR2
(
−(Ch,stat20 + Ch,peri20 ) + 2(Ch,stat22 + Ch,peri22 )
)
, (133)
C −B = MeR2
(
−(Ch,stat20 + Ch,peri20 )− 2(Ch,stat22 + Ch,peri22 )
)
, (134)
B −A = 4MeR2(Ch,stat22 + Ch,peri22 ), (135)
D = −MeR2Sh,peri21 , (136)
E = −MeR2Ch,peri21 , (137)
F = 2MeR
2Sh,peri22 . (138)
C Assessment of the accuracy of our analytical developments
To assess the accuracy of the perturbative approach, we compare the x and y components of the
analytical solution sˆ for the rigid or non-rigid cases (Eq. 38 or 60) with a numerical integration
of the x and y components of the corresponding angular momentum equation (Eq. 22 or 59,
respectively), where sz is replaced by
√
1− s2x − s2y, as sˆ is a unit vector. The initial condition of
the numerical integrations are chosen to minimize the free precession amplitude around J2000.
We find a maximum difference of 0.03 arcsec in sx and sy over a very long integration time
(from -100 kyr before J2000 to + 100 kyr), and of 0.03 arcsec in the time-variable obliquity. The
maximum difference in deviation is 0.001 arcsec and 0.020 arcsec, for the rigid and non rigid case,
respectively (see Fig. 14). Around J2000, in the rigid case, the discrepancies in the obliquity
and deviation are −0.01 arcsec (−0.008% of the obliquity of about 2 arcmin) and −0.00025
arcsec (−0.03% of the tidal deviation of about 1 arcsec), respectively. For the non-rigid case,
the discrepancies in the obliquity and deviation are −0.017 arcsec (−0.014%) and −0.013 arcsec
(−1.5% of the tidal dissipation), respectively.
Compared to the error of 0.16% in obliquity arising when neglecting the nutations and tides
with the classical Cassini state model, and the possible future precision in obliquity measurement
with the BepiColombo mission (≤ 0.3%), the 0.014% accuracy in obliquity of our analytical solu-
tion is satisfactory. Our analytical solution also demonstrates a sufficient accuracy in deviation
(1.5% in tidal deviation), compared to the classical Cassini state model which does not account
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for the deviation, and compared to the possible future precision in deviation measurements
(≤ 30%).
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Figure 14: Difference in the x and y components of the spin vector, obliquity, and deviation,
between the analytical solution and a numerical integration of the angular momentum equation
for the rigid (blue) and non-rigid (red) cases.
As our averaged angular momentum equation (22) has been obtained after a two-step process,
we also assess the accuracy of the angular momentum equation itself, through a comparison of
its numerical integration to an integration of a variation of the averaged angular momentum
equations of Peale et al. (2014), adapted to our case. For a non-librating solid rigid body with
an external gravitational torque not averaged over the pericenter angle, Eq. (3) of Peale et al.
(2014) can be written as
3
2
n
dp(t)
dt
=
(
1− p2(t))Nx + p(t)q(t)Ny
−p(t)
√
1− p2(t)− q2(t)Nz (139)
3
2
n
dq(t)
dt
= −p(t)q(t)Nx −
(
1− q2(t))Ny
−q(t)
√
1− p2(t)− q2(t)Nz (140)
where
 NxNy
Nz
 = 1
C
 〈Tx〉〈Ty〉
0
− 3
2
n µˆ ∧ kˆ (141)
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and
〈Tx〉 = −3
2
MmR
2n2
{
−C20q(t)
√
1− p2(t)− q2(t)G210(e)
+C22q(t)(1 +
√
1− p2(t)− q2(t))G201(e)− C22G213(e)
(1 +
√
1− p2(t)− q2(t))(q(t) cos 2ω + p(t) sin 2ω)
}
(142)
〈Ty〉 = −3
2
MmR
2n2
{
−C20p(t)
√
1− p2(t)− q2(t)G210(e)
+C22p(t)(1 +
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1− p2(t)− q2(t))G201(e)− C22G213(e)
(1 +
√
1− p2(t)− q2(t))(−p(t) cos 2ω + q(t) sin 2ω)
}
(143)
µˆ =
 0Ω˙ sin i
Ω˙ cos i
 (144)
kˆ =
 p(t)−q(t)√
1− p2(t)− q2(t)
 . (145)
(146)
Note that we correct here the sign of the third term of the x-component of the torque Eq. (7)
of Peale et al. (2014).
The variables to solve for are
p(t) = sin ε cos ξ (147)
q(t) = sin ε sin ξ. (148)
which are related to the obliquity ε (denoted i by Peale, not to be confounded with our angle
i for the inclination of the orbit with respect to the Laplace plane) and the deviation δ˜ by the
following relations
ε(t) = arccos
√
1− p2(t)− q2(t) (149)
δ˜(t) ' ε sin ξ = ε(t)p(t)√
p2(t) + q2(t)
. (150)
where ξ (see Fig. 2) is the angle between the node of the orbital plane on the Laplace plane and
the node of the equatorial plane on the orbital plane (denoted Ω by Peale, not to be confounded
with our angle Ω for the longitude of the ascending node of the orbit with respect to the Laplace
plane). Since Peale et al. (2014) chose the orbital precessing frame as their reference frame
(see Section 6.4), the couple ε and ξ, or equivalently p and q, is sufficient to describe the spin
precession. kˆ is the unit vector along the spin expressed in the orbital reference frame, while
the unit vector along the spin axis sˆ expressed in the Laplace reference frame is given by
sˆ = (sx, sy, sz) = Rz(−Ω).Rx(−i).kˆ . (151)
With respect to the numerical integration of Eq. (139-140), the numerical integration of our
angular momentum equation (22) differs by up to 0.01 arcsec over long timescales (see Fig. 15).
About J2000, the discrepancies in obliquity and deviation are +0.0018 arcsec (+0.0015%) and
0.00027 arcsec (+0.03% of the tidal deviation), respectively. The two-step process to derive the
angular momentum equation is therefore very accurate. We consider that the accuracy of our
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Figure 15: Difference between the numerical integration of the angular momentum equation (Eq.
22) and a numerical integration of the equations of Peale et al. (2014), to assess the accuracy
of our two-step procedure to derive Eq. (22).
non-rigid angular momentum equation should be similar to the accuracy of our rigid angular
momentum equation.
We conclude that the internal accuracy of our non-rigid solution (which is the one we use to
interpret data) is mainly affected by the use of the perturbative approach to solve analytically the
angular momentum equation. We consider that interpreting measurements with our analytical
solution implies a systematic error of about +0.015% in the determination of C/MmR
2, which
is more than two orders of magnitude below the actual precision on C (∼ 4%), and of about
+1.5% on the ratio k2/Q (note that a small error on this ratio implies however a larger error on
the tidal quality factor Q).
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Parameter Symbol Value
Mean radius R 2440 km
Mean density ρ¯ 5430 kg m−3
Mass Mm 3.30414× 1023 kg
Gravity coefficient degree two order zero C20 −5.03216× 10−5
Gravity coefficient degree two order two C22 0.80389× 10−5
Gravity coefficient degree three order zero C30 −1.26094× 10−5
Gravity coefficient degree four order zero C40 −1.75473× 10−5
Mean motion (at J2000) n 4.09235◦ /day
Orbital eccentricity (at J2000) e 0.20563
Semi-major axis a 5.7909× 107 km
Right ascension of the Laplace pole with respect to ICRF αLP 273.811
◦
Declination of the Laplace pole with respect to ICRF δLP 69.457
◦
Orbital inclination wrt the Laplace plane i 8.5330◦
Ascending node longitude rate (period: 325,513± 10,713 years) Ω˙ −0.1105948◦/cy
Ascending node longitude at J2000 wrt the Laplace plane Ω0 23.7303
◦
Pericenter argument rate (period: 134,477 years) ω˙ 0.268943◦/cy
Pericenter argument at J2000 ω0 50.3796
◦
Table 1: Numerical values of the different parameters used in the paper. The values of the
mean radius and density, and therefore of the mass, are taken from Smith et al. (2012). We use
unnormalized gravity coefficients, which are obtained by multiplying the coefficients of Mazarico
et al. (2014) by
√
(2−δ0m)(l−m)!
(l+m)! (2l + 1). The values for the orbital parameters are derived from
an analysis of the DE431 ephemeris over 1000 years centered on J2000, obtained through the
HORIZONS Web-Interface. They are consistent with values presented in Stark et al. (2015a).
We have chosen the x−axis of the Laplace plane as the direction of the ascending node of the
Laplace plane over the equatorial plane of the ICRF.
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Margot et al. (2007) Margot et al. (2012) Mazarico et al. (2014) Stark et al. (2015b) Verma and Margot (2016)
reference epoch (ep) nm nm nm J2000+4809 days nm
αep nm nm nm (281.00548± 0.00088)◦ nm
δep nm nm nm (61.4150± 0.0016)◦ nm
αJ2000 281.0097
◦ (281.0103± 0.0015)◦ (281.00480± 0.0054)◦ (281.00980± 0.00088)◦ (281.00975± 0.0048)◦
δJ2000 61.4143
◦ (61.4155± 0.0013)◦ (61.41436± 0.0021)◦ (61.4156±0.0016)◦ (61.41828± 0.0028)◦
εJ2000 (arcmin) (2.11± 0.1) (2.04± 0.08) (2.06± 0.16) (2.029± 0.085) (1.88± 0.16)
δ˜J2000 (arcsec) 0.08 2.34± 2.83 (−7.92± 9.13) (1.73± 3.07) (4.39± 8.41)
C/MmR
2 0.357 0.346± 0.014 0.349± 0.014 0.3437± 0.011 (*) 0.318± 0.028
Table 2: Values of the orientation parameters, obliquity, deviation and polar moment of inertia
of Mercury, from five different studies. The values written in bold are taken directly from
the studies. The abbreviation nm is for the information not mentioned in the studies, and
which cannot be retrieved from published information. Other values are derived here, using the
published (α, δ) at J2000 and specific values for the orbital parameters and gravity coefficients,
or obtained via personal communication with J.-L. Margot in the case of Margot et al. (2012).
For the sake of consistency, in the first four columns, the chosen values for the orbital parameters
are the one used by the respective authors (that is to say: those of Margot et al. (2007) and
Margot (2009) in the first three columns and those of Stark et al. (2015a) in the fourth column).
For the last column, we chose to use the values of Margot at al. (2007) and (Margot 2009) since
the authors of the last study did not defined their orbital parameters values. The chosen values
for the gravity coefficients are those of Smith et al. (2012) for the first two columns, those of
Mazarico et al. (2014) for the third and fourth columns, and those of Verma and Margot (2016)
for the last column. (*) The nominal value of the estimate of the polar moment of inertia by
Stark et al. (2015b) is corrected here (see Section 2). The value chosen for the orbital parameters
may slightly affect the determination of the obliquity, deviation, and polar moment of inertia.
In particular, it should be noted that if we use the orbital parameters values listed in Tab. 1,
we find δJ2000 = 1.83 arcsec instead of the value (1.73 arcsec) reported in the fourth column,
whereas εJ2000 and C/MmR
2 are affected only to the 5th decimal. This explains why δJ2000 in
Tab. 3 is larger than 1.73 arcsec.
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Parameter Value
Prior
Interior parameters
C/MmR
2 0.35± 0.1
k2 0.50± 0.1
k2/Q 0.005± 0.05 (k2 = 0.50± 0.1 and Q = 100± 1000)
Solution
Interior parameters
C/MmR
2 0.3433± 0.0134
k2 0.50± 0.1
k2/Q 0.00563± 0.01651 (Q = 89± 261)
Corresponding amplitudes of improved non-rigid model (improved rigid model)
εk2Ω (εΩ) 2.032(2.026)± 0.080 arcmin
εk2ω (εω) 0.868(0.863)± 0.034 arcsec
εζ 0.995± 2.914 arcsec
Corresponding spin orientation at J2000
αJ2000 (281.00981± 0.00083)◦
δJ2000 (61.41565± 0.00150)◦
ε at J2000 2.029± 0.080 arcmin
δ˜ at J2000 1.847± 2.882 arcsec
Table 3: Summary of our least squares inversion. The first and second parts of the table contain
the prior values and the solution, respectively, for the parameters we solved for. Using the
solution, we compute the corresponding obliquity and deviation amplitudes for the non-rigid
and rigid models (third part). Finally, in the fourth part, we give the orientation parameters,
obliquity, and deviation at J2000, corresponding to the solution.
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Measurements uncertainties (MU)/ Systematic errors (SE)/ Mistakes (M) Influence on C/MmR
2 Reference/Section
Uncertainty due to the obliquity 3− 4% Margot et al. (2012), Stark et al. (2015b),
Section 5.1
+ Uncertainty due to the orbital parameters 0.03% Appendix A
+ Uncertainty due to the gravitational coefficients 0.005% Section 4.4
+ Uncertainty due to the tidal Love number 0.01% Section 5.1
(MU) = Present uncertainty on the determination of C/MmR
2 3− 4%
(MU) Future obliquity uncertainty (BepiColombo mission) ≤ 1% Milani et al. (2001)
≤ 0.3% Cicalo` et al. (2016)
(SE*) Neglecting the effect of a small inner core +4% Peale et al. (2016) (new estimation needed)
(SE) Neglecting the effect of tidal deformations on the mean obliquity +0.29% Section 5.1
(SE) Neglecting the effect of nutations on the obliquity −0.13% Section 5.1
(SE*) Neglecting polar motion 0.07% Noyelles et al. (2010)
(SE) Truncation of G201(e) at fourth order in Eq. (32) −0.035% Section 2.1
(SE*) Neglecting the periodic effect of tidal deformations on the obliquity 0.025% Noyelles and Lhotka (2013) (new estimation needed)
(SE*) Neglecting short-period nutations 0.02% Dufey et al. (2009)
(SE*) Inaccuracy of our analytical solution +0.015% Appendix C
(SE) Linearization of the orbit and spin pole orientation parameters −0.0008% Section 4.5
(SE*) Neglecting ω˙ and Ω˙ in front of n in Eq. (30) +0.00007% Noyelles and Lhotka (2013) and Section 2.3.1
(SE*) First order development in ε in Peale’s equation +4× 10−6 % Section 2.1
(SE*) Neglecting C40 +1.5× 10−7 % Noyelles and Lhotka (2013) and Section 6.1.2
(SE*) Neglecting C30 ' 0% (or +0.2%?) Noyelles and Lhotka (2013) (inconsistent results)
(M) Using Eq. (37) of Stark et al. (2015a) +0.8% Section 6.1.1
(M) Using Eq. (22) of Noyelles and Lhotka (2013) +0.4% Section 6.1.2
Table 4: Possible systematic errors (resulting from approximations in the modeling process) and
mistakes (resulting from errors in the modeling process) on the Cassini state model, classified
according to their effect on the determination of the polar moment of inertia from the measured
orientation of the rotation axis of Mercury, and compared to actual and future measurement
precision. The systematic errors denoted with an asterisk correspond to the approximations we
made in our inversion, while we avoid the others. All those systematic errors and mistakes have
an effect equal or below the present uncertainty (4%) on the determination of C/MmR
2. Their
importance for the future depends on the precision that will be reached with the BepiColombo
mission.
51
Measurements uncertainties (MU)/ Systematic errors (SE) Influence on k2/Q Reference/Section
Uncertainty due to the deviation 300% Section 5.1
+ Uncertainty due to the orbital parameters 3% Section 5.1
+ Uncertainty due to the gravitational coefficients 0.005% Section 5.1
+ Uncertainty due to the tidal Love number 0.02% Section 5.1
(MU) = Present uncertainty on the determination of k2/Q 300%
(MU) Future deviation uncertainty (BepiColombo mission) ≤ 30% Cicalo` et al. (2016)
(SE*) Neglecting the effect of viscous tidal torque at core boundaries +2− 6% Peale et al. (2014) (new estimation needed)
(SE) Neglecting the effect of nutations on the deviation +86% Section 5.1
(SE*) Neglecting polar motion 8% Noyelles et al. (2010)
(SE*) Neglecting the periodic effect of tidal deformations on the deviation 3% Noyelles and Lhotka (2013) (new estimation needed)
(SE) Linearization of the orbit and spin pole orientation parameters −2.3% Section 5.1
(SE*) Neglecting short-period nutations 2% Dufey et al. (2009)
(SE*) Inaccuracy of our analytical solution +1.5% Appendix C
Table 5: Possible systematic errors (resulting from approximations in the modeling process) on
the improved Cassini state model, classified according to their effect on the determination of
k2/Q from the measured orientation of the rotation axis of Mercury, and compared to actual
and future measurement precision. The systematic errors denoted with an asterisk correspond
to the approximations we made in our inversion, while we avoid the others. All those systematic
errors have an effect below the present uncertainty (300%) on the determination of k2/Q. Their
importance for the future depends on the precision that will be reached with the BepiColombo
mission.
References
[1] Archinal, B. A., A’Hearn, M. F., Bowell, E., Conrad, A., Consolmagno, G. J., Courtin, R.,
Fukushima, T., Hestroffer, D., Hilton, J. L., Krasinsky, G. A., Neumann, G., Oberst, J.,
Seidelmann, P. K., Stooke, P., Tholen, D. J., Thomas, P. C., Williams, I. P., 2011. Report
of the IAU Working Group on Cartographic Coordinates and Rotational Elements: 2009.
Celestial Mechanics and Dynamical Astronomy, Vol. 109, p. 101-135.
[2] Baland, R.-M., Van Hoolst, T., Yseboodt, M., Karatekin, O¨., 2011. Titan’s obliquity as
evidence of a subsurface ocean? Astronomy and Astrophysics, 530, A141.
[3] Baland, R.-M., Yseboodt, M., Van Hoolst, T., 2012. Obliquity of the Galilean satellites: The
influence of a global internal liquid layer. Icarus, Volume 220, Issue 2, p. 435-448.
[4] Baland, R.-M., Yseboodt, M., Van Hoolst, T., 2016. The obliquity of Enceladus. Icarus, Vol.
268, p. 12-31.
[5] Cicalo`, S., Schettino, G., Di Ruzza, S., Alessi, E. M., Tommei, G., Milani, A., 2016. The Bepi-
Colombo MORE gravimetry and rotation experiments with the ORBIT14 software. Monthly
Notices of the Royal Astronomical Society, Vol., p. 1507-1521.
[6] Colombo, G., 1965. Rotational Period of the Planet Mercury. Nature, Vol. 208, p. 575
[7] Colombo, G., 1966. Cassini’s second and third laws. Astronomical Journal, Vol. 71, p. 891-
896.
[8] Coyette, A., Van Hoolst, T., Baland, R.-M., Tokano, T., 2016. Modeling the polar motion
of Titan. Icarus, Vol. 265, p. 1-28.
[9] Dufey, J., Noyelles, B., Rambaux, N., Lemaitre, A., 2009. Latitudinal librations of Mercury
with a fluid core. Icarus, Vol. 203, p. 1-12
[10] Dumberry, M., Rivoldini, A., 2015. Mercury’s inner core size and core-crystallization regime.
Icarus, Vol. 248, p. 254-268.
52
[11] Folkner, W. M., Williams, J. G., Boggs, D. H., Park, R. S., Kuchynka, P., 2014. The
Planetary and Lunar Ephemerides DE430 and DE431. The Interplanetary Network Progress
Report, Vol. 42-196, p. 1-81.
[12] Jackson, I., Faul, U. H., Suetsugu, D., Bina, C., Inoue, T., Jellinek, M., 2010. Grainsize-
sensitive viscoelastic relaxation in olivine: Towards a robust laboratory-based model for seis-
mological application. Physics of the Earth and Planetary Interiors, Vol. 183, p. 151-163.
[13] Kaula, W.M., 1966. Theory of Satellite Geodesy: Application of Satellites to Geodesy.
Blaisdell, Waltham, MA.
[14] Lainey, V., 2016. Quantification of tidal parameters from Solar System data. Celestial
Mechanics and Dynamical Astronomy, Vol. 126, p. 145-156.
[15] Margot, J. L., Peale, S. J., Jurgens, R. F., Slade, M. A., Holin, I. V., 2007. Large Longitude
Libration of Mercury Reveals a Molten Core. Science, 316, p. 710-714.
[16] Margot, J. L., 2009. A Mercury orientation model including non-zero obliquity and libra-
tions. Celestial Mechanics and Dynamical Astronomy, Vol. 105, p. 329-336.
[17] Margot, J. L., Padovan, S., Peale, S. J., Solomon, S. C., 2011. Measurements of Mercury’s
spin state and inferences about its interior. Abstract P41A-1573, paper presented at the
American Geophysical Union Fall Meeting, San Francisco, CA, 5 to 9 December 2011.
[18] Margot, J. L., Peale, S. J., Solomon, S. C., Hauck, II, S. A., Ghigo, F. D., Jurgens, R. F.,
Yseboodt, M., Giorgini, J. D., Padovan, S., Campbell, D. B., 2012. Mercury’s moment of
inertia from spin and gravity data. Journal of Geophysical Research (Planets), Vol. 117,
E00L09.
[19] Matsuyama, I., Nimmo, F., 2009. Gravity and tectonic patterns of Mercury: Effect of tidal
deformation, spin-orbit resonance, nonzero eccentricity, despinning, and reorientation. Journal
of Geophysical Research (Planets), Vol. 114, p. E01010.
[20] Mazarico, E., Genova, A., Goossens, S., Lemoine, F. G., Neumann, G. A., Zuber, M. T.,
Smith, D. E., Solomon, S. C., 2014. The gravity field, orientation, and ephemeris of Mercury
from MESSENGER observations after three years in orbit. Journal of Geophysical Research
(Planets), Vol. 119. p. 2417-2436.
[21] Milani, A., Rossi, A., Vokrouhlicky´, D., Villani, D., Bonanno, C., 2001. Gravity field and
rotation state of Mercury from the BepiColombo Radio Science Experiments. Planetary and
Space Science, Volume 49, Issue 14-15, p. 1579-1596.
[22] Murray, C.D., Dermott, S.F., 1999. Solar System Dynamics. Cambridge University Press.
[23] Noyelles, B., Dufey, J., Lemaitre, A., 2010. Core-mantle interactions for Mercury. Monthly
Notices of the Royal Astronomical Society, Vol. 407, pp. 479-496.
[24] Noyelles, B., Lhotka, C., 2013. The influence of orbital dynamics, shape and tides on the
obliquity of Mercury. Advances in Space Research, Vol. 52, p. 2085-2101.
[25] Padovan, S., Margot, J.-L., Hauck, S. A., Moore, W. B., Solomon, S. C., 2014. The tides of
Mercury and possible implications for its interior structure. Journal of Geophysical Research:
Planets, Vol. 119, p. 850-866.
[26] Peale, S. J., 1969. Generalized Cassini’s Laws. Astronomical Journal, Vol. 74, p. 483-489.
53
[27] Peale, S. J., 1974. Possible histories of the obliquity of Mercury. Astronomical Journal, Vol.
79, p. 722-744.
[28] Peale, S. J., 1981. Measurement accuracies required for the determination of a Mercurian
liquid core. Icarus, Vol. 48, p. 143-145.
[29] Peale, S. J., 2005. The free precession and libration of Mercury. Icarus, Vol. 178, p. 4-18.
[30] Peale, S. J., Margot, J.-L., Hauck, S. A., Solomon, S. C., 2014. Effect of core-mantle and
tidal torques on Mercury’s spin axis orientation. Icarus, Vol. 231, p. 206-220.
[31] Peale, S. J., Margot, J.-L., Hauck, S. A., Solomon, S. C., 2016. Consequences of a solid
inner core on Mercury’s spin configuration. Icarus, Vol. 264, p. 443-455.
[32] Pettengill, G. H., Dyce, R. B., 1965. A Radar Determination of the Rotation of the Planet
Mercury. Nature, 206, 1240.
[33] Pfyffer, G., Van Hoolst, T., Dehant, V., 2011. Librations and obliquity of Mercury from
the BepiColombo radio-science and camera experiments. Planetary and Space Science, Vol.
59, p. 848-861.
[34] Rivoldini, A., Van Hoolst, T., 2013. The interior structure of Mercury constrained by the
low-degree gravity field and the rotation of Mercury. Earth and Planetary Science Letters,
Vol. 377, p. 62-72.
[35] Smith, D. E., Zuber, M. T., Phillips, R. J., Solomon, S. C., Neumann, G. A., Lemoine,
F. G., Peale, S. J., Margot, J.-L., Torrence, M. H., Talpe, M. J., Head, J. W., Hauck, S. A.,
Johnson, C. L., Perry, M. E., Barnouin, O. S., McNutt, R. L., Oberst, J., 2010. The equatorial
shape and gravity field of Mercury from MESSENGER flybys 1 and 2. Icarus, Vol. 209, p.
88-100.
[36] Smith, D. E., Zuber, M. T., Phillips, R. J., Solomon, S. C., Hauck, S. A., Lemoine, F. G.,
Mazarico, E., Neumann, G. A., Peale, S. J., Margot, J.-L., Johnson, C. L., Torrence, M. H.,
Perry, M. E., Rowlands, D. D., Goossens, S., Head, J. W., Taylor, A. H., 2012. Gravity Field
and Internal Structure of Mercury from MESSENGER. Science, Vol. 336, p. 214-217.
[37] Stark, A., Oberst, J., Hussmann, H., 2015a. Mercury’s resonant rotation from secular orbital
elements. Celestial Mechanics and Dynamical Astronomy, Vol 123, p. 263-277.
[38] Stark, A., Oberst, J., Preusker, F., Gwinner, K., Peale, S. J., Margot, J.-L., Phillips, R. J.,
Zuber, M. T., Solomon, S. C., 2015b. First MESSENGER orbital observations of Mercury’s
librations. Planetary and Space Science, Vol. 117, p. 64-72.
[39] Van Hoolst, T., Baland, R.-M., Trinh, A., 2013. The effect of tides on the longitudinal
librations of large synchronously rotating icy satellites. Icarus, 226, 299-315.
[40] Verma, A. K., Margot, J.-L., 2016. Mercury’s gravity, tides, and spin from MESSENGER
radio science data. Journal of Geophysical Research (Planets), Vol. 121, p. 1627-1640.
[41] Williams, J. G., Boggs, D. H., Yoder, C. F., Ratcliff, J. T., Dickey, J. O., 2001. Journal of
Geophysical Research, Volume 106, Issue E11, p. 27933-27968.
[42] Yseboodt, M., Margot, J.-L., 2006. Evolution of Mercury’s obliquity. Icarus, Vol. 181. p.
327-337.
54
